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PREFACE 


This book is a development of two lectures delivered at the Harvard 
'I’ercentenary Conference of Arts and Sciences in the fall of 1936. The first 
of these was published in Vol. 44 of the American Mathematical Monthly, 
and is reprinted here, as Lecture I, without change. The second has 
expanded gradually until it fills the rest of the book. 

I have given many lectures on Ramanujan’s work since 1936, isolated 
lectures to a number of universities and societies in America and England, 
and connected courses in Princeton and Cambridge. Lectures II-XII 
contain most of the substance of these courses, with the rearrangements 
and additions required to fit them for publication. In this sense they are 
genuine loctiirea, and they are written throughout in a lecturer’s style. 

The contents of the book are described quite accurately by its title. It 
is not a systematic account of Ramanujan’s work (though most of his more 
important discoveries are mentioned somewhere), but a series of essays 
Huggc^sted by it. In each essay I have taken some part of his work as my 
text, and have said what occurred to me about its relations to that of 
earlier and later writers. But even when I digress furthest, when I am 
writing, for example, about Rademacher’s work in Lecture VIII, or about 
Rankin’s in Lecture XI, ‘Ramanujan’ is the thread which holds the whole 
together. 

I>r R. A. Rankin has road the whole of the book both in manuscript and 
in prttof, and has niado a very largo number of important suggestions and 
<!orrectionH. I have also to thank T)r W. N. Bailey, who helped me to 
revise Ijeoturo VII; Mr F. M. Goodspeod, who road and criticised several 
lectures, and in particular Lecture XI; and Prof. G. N. Watson, without 
whoso aid 1 could hardly have written Lecture XU. The photograph of 
Ramanujan was given mo by Dr S. Chandrasekhar, formerly Fellow of 
Trinity College: I regret that I cannot state the name of the actual 
plu)tographer. A considerable part of the bibliography was compiled for 
me by Dr V. Levin. But my first thanks are due to Harvard University, 
to whose invitation the book owes its existence. 

G. H. H. 
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I 

THE INDIAN MATHEMATICIAN RAMANUJAN 


I luiva net inyBolf a taBk in those lectures which is genuinely difficult and 
whii^h, if I wore doterniined to begin by making every excuse for failure, 

1 might represent as almost impossible. I have to form myself, as I have 
never really formed before, and to try to help you to form, some sort of 
reasoned estimate of the most romantic figure in the recent history of mathe- { 
inati<is; a man whoso career seems full of paradoxes and contradictions, who 
dofios almost all the canons by which wc are accustomed to judge on© 
another, and about whom all of us will probably agree in one judgment only, 
tiuiti ho was in some sense a very great mathematician. ^ 

TIk!! ilillic-ultioB in judging Ramanujan are obvious and formidable 
cnouglu Ramanujan was an Indian, and I sujipose that it is always a little 
dinicmlt for an 'Knglishman and an Indian to understand one another 
pi‘o[)o.rly. He was, at the best, a half-educated Indian; he never had the 
advantages, such as they arc, of an orthodox Indian training; he never was 
able to pass the “'First Arts Examination’’ of an Indian university, and 
never <H)uId rise even to be a “Failed B.A.” He worked, for most of his life, 
in ]>rao.ti(udly complete ignorance of modern Eurojiean mathematics, and 
di<!!d when lie was a little over tliirty and when his mathematical education 
had in some ways hardly begun. Ho published abundantly — his published 
pa|Kn*H make a volume of nearly 400 pages— but ho also left a mass of un- 
{HihliHluHl work whi<?li Iiad never been analysed properly until the last few 
years. This work iiududes a great deal that is new, but much more that is 
redis<H)vory, and often imperfoct rediscovery; and it is sometimes still 
impossihlo to distinguish between what he must have rediscovered and what 
he may somehow have learnt. I cannot imagine anybody saying with any 
cordidenco, even now, just how great a mathematician he was and still less 
how great a mathematician he might have been. ^ 

These are genuine difficulties, but I think that we shall find some of them 
less formidable than they look, and the difficulty which is the greatest for 
me has nothing to do with the obvious paradoxes of Ramanujan’s career. 
The real difficulty for me is that Ramanujan was, in a way, my discovery, 

I did not invent Mm— like other great men, he invented himself— but I was 
the first really com petent person who had the chance to see some of Ms work, 
and I can still remember with satisfaction that I could recognise at once 
what a treasure I had found. And I suppose that I still know more of 
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Bamanujan than any one else, and am still the first axitliority on thin 
particular subject. There are other people in England, rrolbsHor Waison in 
particular, and Professor Mordell, who know parts of his work very much 
better than I do, but neither Watson nor Mordell know R-anianujan hlmm^r 
as I did. I saw bim and talked with him almost every day for Boverihl yeai*H, 
and above all I actually collaborated with him. I owe mon^ to lain ihmt U> 
anyone else in the world with one exception, and my association with fiiin 
is the one romantic incident in my life. The dilficulty ibr uh) then is lu >t t-haf. 
I do not know enough about him, but that I know and hwl too mutii and 
that I simply cannot be impartial. 

I rely, for the facts of Bamanujan’s life, on Seslm Aiyar and Itannt- 
chaundra Bao, whose memoir of Bamanujan is printed, along with rny own, 

1 in his Collected Papers, He was born in 1887 in a Brahmin family at Krode : 

I near Humhakonam , a fair-sized town in the Tanjore districst of tlm Ihnwi- 
dency "dFSaSas His father was a clerk in a cloth-mendiant’s ofliei^ in 
Kumbakonam, and all his relatives, though of high cjasto, were v<ny |HHn\ 

He was sent at seven to the High School of Kumbakoiiain, and remained 
there nine years. His exceptional abilities had begun to show thtnnHelvea 
before he was ten, and by the time that he was twelve or ihirtcHUt he wan 
recognised as a quite abnormal boy. His biographers toll some vmium 
stories of his early years. They say, for exam|)lo, that soon afU'ir he had begun 
the study of trigonometry, he discovered for hitnscif ‘fKuktr’H the^oriunH for 
the sine-^and cosine” (by which I understand the rolations iHdvveen the 
circular and exponential functions), and was very disappoinU^d when he 
found later, apparently from the second volume of looney's Trigmmtmlr^^ 
that they were known already. UntU he was sixteen he had rpver seen m 
mathematical book of any higher class. Whittaker’s Modern anatgam liaci 
not yet spread so far, and Bromwich’s Infinite series did not exist. There 
can be no doubt that either of these books would have made a tremondoufi 
dijQTerence to him if they could have come his way. It was a book of a very 
different kind, Carr’s Synopsis, which first aroused Ramanujan’s full 
powers. 

Carr’s bil^ (A synojpsis of elementary results in pure arid applied maiim* 
matics, Sy George Shoobridge Carr, formerly Scholar of Gonville and Cains 
College, Cambridge, pgihlished in two volumes in 1880 and 1886) is almost 
unprocurable^now. There is a copy in the Cambridge Univernity Library, 
and there happened to he one in the library of the Government Collage of 
Kumbakonam, which was borrowed for Ramanujan by a friend. The book 
W not m any sense a great one, but Bamanujan has made it jEamous, ami 
there is no doubt that it influenced him profoundly and that his acquaintance 
with it marked the real starting-point of his career. Such a book must have 
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had its qualities, and Carr’s, if not a book of any high distinction, is no mere 
third-rate textbooli, but a book written with some real scholarship and 
enthusiasm and with a style and individuality of its own. Carr himself was 
a private coach in London, who came to Cambridge as an undergraduate 
when he was nearly forty, and was 12th Senior Optime in the Mathematical 
Tripos of 1880 (the same year in which he published the first volume of his 
book). He is now completely forgotten, even in his own college, except in 
so far as Ramanujan has kept his name alive; but he must have been in 
some ways rather a remarkable man. 

I suppose that the book is substantially a summary of Carr’s coaching 
notes. If you were a |)upil of Carr, you worked through the appropriate 
sections of the Synopsis. It covers roughly the subjects of Schedxfle A of the 
present Tripos (as these subjects were understood in Cambridge in 1880), 
and is effectively the “synopsis” it professes to be. It contains the enuncia- 
tions of 6165 theorems, systematically and quite scientifically ax'ranged, with 
proofs which are often little more than cross-references and are decidedly 
the least interesting part of the book. All this is exaggerated in Ramanujan’s 
famous notebooks (which contain practically no proofs at all), and any 
student of the notebooks can see that Ramanujan’s ideal of presentation 
had been copied from Carr’s. 

Carr has sections on the obvious subjects, algebra, trigonometry, calculus 
and analytical geometry, but some sections are developed disproportionally, 
and particularly the formal side of the integral calculus. This seemi^ to have 
been Carr’s pet subject, and the treatment of it is very full and in its way 
definitely good. There is no theory of functions; and I very much doubt 
whether Ramanxijan, to the end of his life, ever xxnderstood at all clearly 
what an analytic function is. What is more surprising, in view of Carr’s own 
tastes and Ramanujan’s later work, is that thei''o is nothing about elliptic 
functions. However Ramanujan may have acquffed his very peculiar 
knowledge of this theory, it was not from Carr. 

On the whole, considered as an inspiration for a boy of such abnormal 
gifts, Carr was not too bad, and Ramanujan responded amazingly. 


Tlxxoxigh the new world thus opened to him (say his Indian l^iographors),^ 
Ramanujan went ranging with delight. It was this book which awakened his 
genius. He set himself to establish the formulae given therein. As he was without 
the aid of other hooks, each solution was a piece of research so far as he was 
concerned.. . .Ramanujan used to say that the goddess of Namakkal inspired 
him with the formulae in dreams. It is a remarkable fact that frequently, on 


rising from bed, he would note down results and rapidly verify them, thou^ 
ho was not always able to supply a rigorous proof. ... W 


Quotations (except those from my own memoir of Ramanujan) are from Seshu 
Aiyar and Ramachaundra Rao. 
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I have quoted the last sentences deliberately, not bccauso I att ai'li any 
importance to them— I am no more interested in the goddc^sH of Xanuikkal 
than you are — ^hut because we are now approaching tlio and iragi«t 

part of Ramanujan’s career, and we must try to un(ierH<4Mai what wo vim 
of his psychology and of the atmosphere snrroundjng him in hin tairly yearn* 

I am sure that Ramanujan was no mystic and that religion, iwrtqd in a 
strictly material sense, played no important part in his lUe. lie wan mi 
orthodox high-caste Hindu, and always adhered (indeed wit ii a Ktn tn if y 
most unusual in Indians resident in .Englaixd) to all tim observaui‘i^H of his 
caste. He had promised his parents to do so, and he kept his pronuaeH to 
the letter. He was a vegetarian in the strictest senso"— this pro veil a t tnn'ihle 
difficulty later when he fell ill — and all the time he was in ( 'ainf>ri<igo Ih» 
cooked all his food himself, and never cooked it without tirsi changing into 
pyjamas. 

Now the two memoirs of Ramanujan printed in the Papem (and both 
written by men who, in their diiferent ways, knew him voi\y well) <*ont raclict. 
one another flatly about his religion. Seshu Aiyar axul Rama<dui.itmtlra 
Rao say 

Ramanujan had definite religioxis views. Ho had a Bpccial vcncsration for f he 

Namakkal goddess He believed in the existence of a Supreme being and in 

the attainment of Godhead by men... .Ho had settled convictions ahmit the 
problem of life and after . . . ; 

while I say 

. . .his religion was a matter of observance and not of intelloctual eonvix’tlim, 
and I remember well his telling me (much to my surprise) that all roligkirn* 
seemed to him more or less equally true 

Which of us is right? For my part I have no doubt at all; I am quite 
certain that I am. 

Classical scholars have, I believe, a general principle, dijficilior lectio 
potior — ^the more difficult reading is to be preferred — in text^ial criticism. 
If the Archbishop of Canterbury tells one man that he* believes in (iod, 
and anotbeli^hat he does not, then it is probably the second assertion which 
is true^ince otherwise it is very difficult to understand why he should have 
made it, while there are many excellent reasons for his making the first 
whether it be true or false. Similarly, if a strict Brahmin like Ramanujan 
told me, as he certainly did, that he had no definite beHefs, then it is 100 to 1 
that he meant what he said. 

ATMs was no sufficient reason why Ramanujan should outrage the foolings 
of Ms parents or his Indian Mends. He was not a reasoned infidel, but an 

^ The Archbishop. 
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“agnostic ’ ’ in its strict sense, who saw no particular good, and no particular 
harm, in Hinduism or in any other religion. Hinduism is, far more, for 
example, than Christianity, a religion of observance, in which belief counts 
for extremely little in any case, and, if Hamanujan’s friends assumed that 
he accepted the conventional doctrines of such a religion, and he did not 
disillusion them, he was practising a quite harmless, and probably necessary, 
economy of truth. 

This question of Kamanujan’s religion is not itself important, but it is 
not altogether irrelevant, because there is one thing which I am really 
anxious to insist upon as strongly as I can. There is quite enough about 
Ramanujan that is difficult to understand, and we have no need to go out 
of our way to manufacture mystery. Tor myself, I liked and admired him 
enough to wish to be a rationalist about him ; and I want to make it quite clear 
to you that Ramanujan, when he was living in Cambridge in good health 
and comfortable surroundings, was, in spite of his oddities, as reasonable, 
as sane, and in his way as shrewd a person as anyone here. The last thing 
which I want you to do is to throw up your hands and exclaim “here is 
something unintelligible, some mysterious manifestation of the immemorial 
wisdom of the East!’’ I do not believe in the immemorial wisdom of the 
East, and the picture which I want to present to you is that of a man who 
had his peculiarities like other distinguished men, but a man in whose 
society one could take pleasure, with whom one could drink tea and discuss 
politics or mathematics; the picture in short, not of a wonder from the East, 
or an inspired idiot, or a psychological freak, but of a rational human being 
who happened to be a great mathematician. 

Until he was about seventeen, all went well with Ramanujan. 

In December 1903 he passed the Matriculation Examination of the University 
of Madras, and in the January of the succeeding year he joined the Junior First 
in Arts class of the Government College, Kumbakonam, and won the Subrah- 
manyam scholarship, which is generally awarded for proficiency in English and 
Mathematics . . . , 

but after this there came a series of tragic checks. 

By this time, he was so absorbed in the study of Mathematics that in all 
lecture hours — ^whether devoted to English, History, or Physiology — ^lio used to 
engage himself in some mathematical investigation, unmindful of what was 
happening in the class. This excessive devotion to mathematics and his conse- 
quent neglect of the other subjects resulted in his failure to secure promotion to 
the senior class and in the consequent discontinuance of the scholarship. Partly 
owing to disappointment and partly owing to the infuence of a friend, he ran 
away northward into the Telugxi country, but returned to Kumbakonam after 
some wandering and rejoined the college. As owing to his absence he failed to 
make sujBficient attendances to obtain his term certificate in 1905, he entered 
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Pacbaiyappa’s College, MadraiS, in 190(1, but falling ill returned (u Ktmilni- 
konam. He appeared as a privatis Btudoiit for thu F.A. <'xainiiniti< tii of I JccoinbiT 
1907 and failed 


Ramanujan does not seem to have had any <kiliuitin oct-npai ion, 
mathematics, until 1912. In 1909 ho marru«l, and it uiH'<*«Hury ibr 

him to have some regular employinont, but ho had great- diflicnlt %■ in tiiiding 
any because of his unfortunate college canser. About 1910 he began to tijul 
more influential Indian friends, Ramaswami Aiyarand hia two biographcr.H, 
but aU their efforts to find a tolerable }><)Hitu»u for him faileil, and in 1912 
he be^me a clerk in the office of the Port ''J'niHt of Madras, at- a salary of 
about&«30 a year. He was then nearly twonty-fiv*'. 'I'ho years bc-tweou 
eighteen and twenty -five are the critical years in a inathejnatii'ian's oan<t*r, 
and the damage had been done. Ramanujan’s goniuH ncn'tsr had again its 
chance of full development. 

There is not much to say about the rest of Rainamtjati’s iih». His first 
substantial paper had been published in 1911, and in 1912 his (exceptional 
powers began to be understood. It is siguifi(iant tliat, though Indians could 
befriend him, it was only the English who could got anytliing efttK;tiv(‘ done. 
Sir Eranois Spring and Sic Gilbert Walker obtained a special scholarship 
for him, £60 a year, sufficient for a married Indian to live in tcjhn’ahle 
comfort. At the beginning of 1913 ho wrote to mo, and PKjfessor Neville 
and I, after many difficulties, got him to England in 1914. Mere he hud 
three years of uninterrupted activity, the results of which yon can read in 
the Papers. He fell ill in the summer of 1917, and never really recovensl, 
though he continued to work, rather spasmodically, but with no real sign 
of degeneration, until his death in 1920. He became a Fellow of the Royal 
Society early in 1918, and a Fellow of Trinity CoUege, Cambridge, later in 
the same year (and was the first Indian elected to either society). His last 
mathematical letter on “Mock-Theta functions”, the subject of Professor 
Watson’s presidential address to the London Mathematical Society last 
■year, was written about two months before he died. 


The real tragedy about Ramanujan wa s not his early death. It is of (sourae 
a disaster that any great man should die young, but a mathematician is 
often comparatively old at thirty, and his death may be less of a catastrophe 
than it seems. Abel died at twenty-six and. although he would no doubt 
have added a great deal more to mathematics, he could hardly have become 
a^greater man. The tragedy of Ramanujan was not that he died young, but 
that (luring his five unfortunate years, his genius was misdirected, aide- 
tracked, and to a certain extent distorted. 

I have been looking again through what I wrote about Ramanujan 
sixteen years ago, and, although :^now his work a good deal better now than 
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I did then, and can think about him more dispassionately, I do not find a 
great deal which I should particularly want to alter. But there is just one 
sentence which now seems to me indefensible. I wrote 

Opinions may differ about the importance of Ramanujan’s work, the kind of 
standard by which it should be judged, and the influence which it is likely to 
have on the mathematics of the future. It has not the simplicity and the 
inevitableness of the very greatest work; it would be greater if it were less 
strange. One gift it shows which no one can deny, profound and invincible 
originality. He would probably have been a greater mathematician if he could 
have been caught and tamed a little in his youth ; he would have discovered 
more that was new, and that, no doubt, of greater importance. On the other 
hand he would have been less of a Ramanujan, and more of a European pro- 
fessor, and the loss might have been greater than the gain... 

and I stand by that except for the last sentence, which is quite ridiculous 
sentimentalism. There was no gain at all when the College at Elumbakonam 
rejected the one great man they had ever possessed, and the loss was 
irreparable ; it is the worst instance that I know of the damage that can be 
done by an inefficient and inelastic educational system. So little was wanted, 
£60 a year for five years, occasional contact with almost anyone who had 
real knowledge and a little imagination, for the world to have gained another 
of its greatest mathematicians. 

Ramanujan’s letters to me, which are reprinted in full in the Papers, 
contain the bare statements of about 120 theorems, mostly formal identities 
extracted from his notebooks. I quote fifteen which are fairly representa- 
tive. They include two theorems, (1.14) and (1.15), which are as interesting 
as any but of which one is false and the other, as stated, misleading. The 
rest have all been verified since by somebody; in particular Rogers and 
Watson found the proofs of the extremely difficult theorems (1.10)-(1.12). 
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I should like you to begin by trying to reconstruct the immediate reactions 
of an ordinary professional mathematician who receives a letter like this 
from an unknown Hindu clerk. 

The first question was whether I could recognise anything. I had proved 
things rather like (1.7) myself, and seemed vaguely familiar with (1.8). 
Actually (1.8) is classical; it is a formula of Laplace first proved properly 
by Jacobi; and (1.9) occurs in a paper published by Rogers in 1907. I 
thought that, as an expert in definite integrals, I could probably prove (1.5) 
and (1.6), and did so, though with a good deal more trouble than I had 
expected. On the whole the integral formulae seemed the least impressive. 

The series formulae (1.1)— (1.4) I found much more intriguing, and it soon 
became obvious that Ramanujan must possess much more general theorems 
and was keeping a great deal up his sleeve. The second is a formula of Bauer 
well known in the theory of Legendre series, but the others are much harder 
than they look. The theorems required in proving them can all be found now 
in Bailey’s Cambridge Tract on hypergeometric functions. 

The formulae (1.10 )-(!.! 3) are on a different level and obviously both 
difficult and deep. An expert in ellij^tic functions can see at once that (1.13) 
is derived somehow from the theory of ‘^complex multiplication”, but 
(1.10)-(1.12) defeated me completely; I had never seen anything in the 
least like them before. A single look at them is enough to show that they 
could only be written down by a mathematician of the highest class. They 
must be true because, if they were not true, no one would have had the 
imagination to invent them. Finally (you must remember that I knew 
nothing whatever about Ramanujan, and had to think of every possibility), 
the writer must be completely honest, because great mathematicians are 
commoner than thieves or humbugs of such incredible skill. 

The last two formulae stand apart because they are not right and show 
Ramanujan’s limitations, but that does not prevent them from being 
additional evidence of his extraordinary powers. The function in (1.14) is 
a genuine approximation to the coefficient, though not at all so close as 
Ramanujan imagined, and Ramanujan’s false statement was one of the 
most fruitful he ever made, since it ended by leading us to all our joint work 
on partitions. Finally (1.15), though literally ^‘true”, is definitely mis- 
leading (and Ramanujan was under a real misapprehension). The integral 
has no advantage, as an approximation, over the simpler function 


(1.16) 


Kx 

V(loga;)’ 


found in 1908 by Landau. Ramanujan was deceived by a false analogy with 
the problem of the distribution of primes. I must postpone till later what 
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I have to say about Hamanujan’s work on this sicio ot tlu^ thoory of 
numbers. 

It was inevitable that a very largo part of Ramanujan h work Hfuniid 
prove on examination to have been anticipated. hati betm ttarrying an 
impossible handicap, a poor and solitary Hindu |>it.ting Iuh braiim againni 
the accumulated wisdom of Europe. Ho had had n<^ n^al ti^aohing at. all; 
there was no one in India from whom he had any tiling to learn. I i*an have 
seen at the outside three or four books of good quality, all of* them Englinli. 
There had been periods in his life when he had aecess to tlio library in Madras, 
but it was not a very good one; it contained very lew Freneli or (Jerinan 
books; and in any case Ramanujan did not know a word of eit her langujurt^ 
I should estimate that about two-thiijds of Ramanujaids best I ndian work 
was rediscovery, and comparatively little of it was publiHluHi in his lilef iine, 
though Watson, who has worked systematically through his nihtd>ookH, 
has since disinterred a good deal more. 

The great bulk of Ramanujan’s published work was done in hhig!an<L 
His mind had hardened to some extent, and he never beoanie at all an 
“orthodox” mathematician, but he could still learn to do new things, and 
do them extremely well. It was impossible to teach him systemat icjally, but 
he gradually absorbed new points of view. In particular he learnt what was 
meant by proof, and his later papers, while in some ways as o<hi and in- 
dividual as ever, read like the works of a welbinformo<l matliemaf-ician. 
His methods and his weapons, however, remained essentially the same, i hm 
would have thought that such a formalist as Ramanujan would have 
revelled in Cauchy’s Theorem, but he practically never used ltd and the 
most astomhing testimony to his formal genius is that he never seamed 
to feel the want of it in the least. 

It is easy to compile an imposing list of theorems which Runiannj.'Ln 
rediscovered. Such a list naturally cannot be quite sharp, sinco somatiim's 
he found a part only of a theorem, and sometimes, though he found the 
whole theorem, he was without the proof which is essential if the tlummin in 
to be properly understood. Eor example, in the analytic theory of niiinharB 
he had, in a sense, discovered a great deal, but he was a very long way from 
understanding the real difaculties of the subject. And there is some <if his 
work, mostly m the theory of elliptic functions, about whicli some myetery 
stni remains; it is not possible, after all the work of Watson and Morcielh to 
draw the line between what he may have picked up somehow and what he 
must have found for himself. I will take only cases in which the evidence 
seems to me tolerably clear. 


Perhaps never. There is a reference to “the theory of 
PaperSf but I believe that I supplied this myself. 


residues*’ on 


P‘ 
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Here I must admit that I am to blame, since there is a good deal which 
we should like to know now and which I could have discovered quite easily. 
I saw Ramanujan almost every day, and could have cleared up most of the 
obscurity by a little cross-examination. Ramanujan was quite able and 
willing to give a straight answer to a question, and not in the least disposed 
to make a mystery of his achievements. I hardly asked him a single question 
of this kind; I never even asked him whether (as I think he must have done) 
he had seen Cayley’s or GreenhilFs Elliptic functions. 

I am sorry about this now, but it does not really matter very much, and 
it was entirely natural. In the first place, I did not know that Ramanujan 
was going to die. He was not particularly interested in his own history or 
psychology; he was a mathematician anxious to get on with the job. And 
after all I too was a mathematician, and a mathematician meeting Rama- 
nujan had more interesting things to think about than historical research. 
It seemed ridiculous to worry him about how he had found this or that known 
theorem, when he was showing me half a dozen new ones almost every day. 

I do not think that Ramanujan discovered much in the classical theory of 
numbers, or indeed that he ever knew a great deal. He had no knowledge 
at all, at any time, of the general theory of arithmetical forms. I doubt 
whether he knew the law of quadratic reciprocity before he came here. 
Diophantine equations should have suited him, but he did comparatively 
little with them, and what he did do was not his best. Thus he gave solutions 
of Euler’s equation 

. -h 2/^ 4" == w^, 

fx = 3a^ - 1 - 5ab — 5b^, y = — 4a6 + 66^, 

I z = — 6ab — 36^, w = — 4a6 + 46^; 

X = mP — 3m^(l +^) + w(2 + 6^2? + Zp^), 

y = %rnP — 3w^(l + 2jp) + 1 + H- Zp^y 

^0 1 — , ~ ZmPp + m{Zp^ — 1 ) ; 

but neither of these is the general solution. 

He rediscovered the famous theorem of von Staudt about the Bernoullian 
numbers: 

(1.20) + i + l + + 

where p,q, ... are those odd primes such that p — 1, g ~ 1, ... are divisors of 
2ny and is an integer. In what sense he had proved it it is difficult to say, 
since he found it at a time of his life when he had hardly formed any definite 
concept of proof. As Littlewood says, '‘the clear-cut idea of what is meant 


( 1 . 17 ) 
such as 

( 1 . 18 ) 
and 


( 1 . 19 ) 
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by a proof, nowadays so familiar as to be taken for grantetl, he perliapH did 
not possess at all; if a significant jnocio of reasoning otunirr<!<l mjnunvfHiriS 
and the total mixture of evidence and intuition gavi^ him et'iiainty, Im 
looked no furtlier I shall have something to say iattu’ about f Iuh qt«\stion 
of proof, but I postpone it to another context in vvhieli it, Is mm-h more 
important. In this case there is nothing in the proof that was imt obvicmnly 
within Bamanuj all’s powers. 

There is a considerable chapter of the theory of ninnber.H, in particular 
the theory of the representation of integers by Burns of squareH, wlui-h is 
closely bound up with the theory of elliptic functions. Thus the iniinbin' of 
representations of n by two squares is 

(1-21) »•(») = 4{d:i(n)-d;3(n)}, 

where d^in) is the number of divisors of n of the form 4X:-(- 1 and d;,(« ) 
number of divisors of the form 4*-|-3. Jacobi gave Bimilar forinulw ibr 
4, 6 and 8 squares. Ramanujan found all these, and Jinudi inoni of t iio 
same kind. 

He also found Legendre’s theorem that n is the sum of 3 H(mart'H 
■when it is of the form 


(1.22) 


4:«(8k+7), 


but I do not attach much importance to this. The theorem is <|uif,o eanv to 
guess and difficult to prove. All known proofs depend u[)on the general 
theory of ternary forms, of which Ramanujan know notlving, and I agree 
with Professor Dickson in thinking it very unlikely that h(j ftossesHcsd ont,. 
In any case he knew nothing about the number of ro|)re.se.nf.af,iotis, 

Raman^n, then, before he came to England, had adde<i eojnp.-iraf h-ely 
httle to the theory of numbers; but no one can understand him who tloen 
not understand his passion for numbers in themselves. I wrote before 


It wL^SrZn^ll of numbers in an ahnost uncanny way. 

perIonJS3s integer was one of Raraaimjan’s 

T I ^ I remember going to see him once when he was lying ill in 
Putney I had ndden m tarn-cab No. 1729, and remarked that the mmlH.r 

o3 ^n“ Tepi? “rra unfavouraWo 

the co^pond^i^ndt 

for fourth powers; and he replied, after a moment’s 

ob^ ™X'r 

^ algebra. Ramanujan’s main work was concerned with hyperKconiotnc 
sene, »d »ntm.ed_fractjou. (I use a. word rfgebra, of cc™, tn 111; ohU 

' 1729 = 12»-f.l9 = loa-f93. 
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fasMoned sense). These subjects suited him exactly, and here he was un- 
questionably one of the great masters. There are three now famous identities, 
the ‘ " Dougall-Ramanuj an identity ’ ’ 


■ (x + y + z + u + s\n-) 


r{s -f- 1) r{pc + l)i 


n 


+ 1)T'(2/ + 2; + '1<^ + 5+ 1) 

{ r{z-^r'U-^rS’\-\') 


where 


= a{a-{- 1) ... (a + n— 1), a(^)=^a{a— 1) ... (a — 1), 


and the "'Rogers -Ramanujan identities” 


(1.24) 


1 H- -z h 






4-... 




1 + .^ + 


: + 


l-q {l-q){l-q^) (1 -O') (1 -2^) (1 -f?®) 




in which he had been anticipated by British mathematicians, and about 
which I shall speak in other lectures.^ As regards hypergeometric series one 
may say, roughly, that he rediscovered the formal theory, set out in Bailey’s 
tract, as it was known up to 1920. There is something about it in Carr, and 
more in Chrystal’s Algebra, and no doubt he got his start from that. The 
four formulae (1.1)-(1.4) are highly specialised examples of this work. 

His masterpiece in continued fractions was his work on 


(1.25) 


1 X 

IT IT 1 + ../ 


which includes the theorems (1.10)-(1.12). The theory of |his fraction 
depends upon the Rogers-Ramanujan identities, in which he had been 
anticipated by Rogers, but he had gone beyond Rogers in other ways and 
the theorems which I have quoted are his own. He had many other very 
general and very beautiful formulae, of which formulae like Laguerre’s 

'■'t ' 

n 261 (a?-H)^ — ( rr — 1)^ __ n l 

^ (a;-f- 1)^*--!- (cc— 1)^ x^ Sx+ 6x+... 

are extremely special cases, Watson has recently published a proof of the 
most imposing of them. 


* See Lectures VI and VII. 
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It is perhaps in Mb work in thcBO iiiMn that I iainauujau ,slu»w .h at Ian vi*ry 
best. I wrote 


It was his insight into alg(‘l>nacal fornmlat% traiiBfunnut ion o*! iritiniio 
and so forth, that was most amazing. On this suio imtHi oortainly I havo inniT 
met his equal, and I can compand hinn only witfj Kiiior or Jaruhi. ilo vvtiiioni, 
far more than the majority of inothvrn inathoniat ii'iiuiM, by intinotiun tVoiu 
numerical examples; all his Gongnumm pn)|)<‘rt ion at' pnrliliouM, fur f*\aJitph‘, 
were discovered in this way. But with ius mtunt^ry, bin pnta*iir*’, and iu i 
of calculation he combined a power of gtmeraiisatiois, a hiding Ibr Ibrio, and 
a capacity for rapid modification of his hyiMdlnWH, that worn rmlly 

startling, and made him, in his own p<HJuIiar liohi, wit bout a rivni in Ins tiny. 


I do not think now that this extroinoly Htmng langnnye in 4\\trnvagiint. 
It is possible that the groat days of form ulms arc finlshod, and t-liat iiaiitn- 
nujan ought to have been born 101) yearn ago; but lie wan Iiy far t he t'si 
formalist of his time. There have been a good many m<n’i‘ important , and 1 
suppose one must say greater, mathcmatknaiiH than Hamantijaa during 
the last fifty years, butnotone who couldstaml up to him on Ids o\\ n ground. 
Playing the game of which he knew the ruba, he <*ouhl giv4^ any nuit In*- 
matician in the world fifteen. 

In analysis proper Ramanujan’s work is inovitaldy less iinpr<*ssiv<\ sinno 
he knew no theory of functions, and you cannot do real analysis wit bout 
and since the formal side of the integral caiouhm, which was a!! that horonld 
learn from Carr or any other book, has been worked over ho r<‘j s^at ediy aiui 
so intensively. Still, Ramanujan rediscovered an aHtonmluriig muiila^r of 
the most beautiful analytic identities. Thus the functional «‘qiiat ion for ibo 
Riemann Zeta-funotion 


namely 





(1-27) = 2(27r)-*co8je5Tr(fl)C(«), 

stands (in an 'almost unrecognisable notation) in the notebooks. So dotw 
Poisson’s summation formula 


( 1 . 28 ) at{^95(0) + 96(a) + 96(2a) + ...} = (0) + + ...}, 


where 


^(x) 



^{t)00BXtdt 


and cscp 27 r; and so also does Abel’s functional equation 

( 1 . 29 ) £(.) + ito + i(.») + l(^) + i{fc 5 )} _ 


■^(*) - 15 + 22 +^+* — 




for 
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He had most of the formal ideas which underlie the recent work of Watson 
and of Tit chin arsh and myself on ''Fourier kernels” and "reoijDrocal 
funetionB ” ; and he could of course evaluate any evaluable definite integral. 
There is one particularly interesting formula, viz. 

(1.30) ^"x!>-^y>{0)-x<P{l) + x^<P{2)-...}dx = 

of which he was especially fond and made continual use. This is really an 
"interpolation formula”, which enables us to say, for example, that, under 
certain conditions, a function which vanishes for all positive integral values 
of its argument must vanish identically. I have never seen this formula 
stated explicitly by anyone else, though it is closely connected with the 
work of Mellin and others. 

I have left till last the two most intriguing sides of Ramanujan’s early 
work, his work on ellix)tic functions and in the analytic theory of numbers. 
The first is probably too si)ecialised and intricate for anyone but an expert 
to understand, and I shall say nothing about it now.’^ The second subject 
is still more difficult (as anyone who has read Landau’s book on primes or 
Ingham’s tract will know), but anyone can understand roughly what the 
problems of the subject are, and any decent mathematician can understand 
roughly why they defeated Ramanujan. For this was Ramanujan’s one 
real failure; he showed, as always, astonishing imaginative power, but he 
proved next to nothing, and a great deal even of what he imagined was 
false. 

Here I am obliged to interpolate some remarks on a very difficult subject : 
jproo/ and its importaxice in mathematics. All x^hysicists, and a good many 
quite resx:»ectable mathematicians, are contemptuous about proof. I have 
heard Professor Eddington, for example, maintain that proof, as pure 
mathematicians understand it, is really quite uninteresting and unimportant, 
and that no one who is really certain that he has found something good 
sliould waste his time looking for a x)roof. It is true that Eddington is in- 
consistent, and has sometimes even descended to proof himself. It is not 
enough for him to have direct knowledge that there are exactly 

136.2266 

protons in the universe; he cannot resist the temptation of proving it; and 
I cannot helx> thinking that the proof, whatever it may be worth, gives him 
a certain amount of intellectual satisfaction. His apology would no doubt 
be that "proof” means something quite different for him from what it 
means for a pure mathematician, and in any case we need not take him too 


* Se© Lecture XII. 
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literally. But the opinion which I have attribuieti to him, au<l with wlu<^h 
I am sure that almost all physicists agree at the hottoni of their liearf.s, is 
one to which a mathematician ouglit to have nonw. 

I am not going to got entangled in the analysis ot a part ieuiarly priekly 
concept, hut I think that there are a few point^s about, proof wlwre nearly 
all mathematicians are agreed. In the lirst platan evtm if wt^ <io in>i undta’- 
stand exactly what jxroof is, wo can, in ordinary analysis at, any ral e, re - 
cognise a proof when we see one. Hecondly, th<‘re are iwtj <li!!erent mot ives 
in any presentation of a proof. The first inotrive is simply to seimn* eon- 
viction. The second is to exhibit the conclusion as the <^limax of a eon- 
ventional pattern of projpositions, a se<iuene(*: of f>r<>poHitumH whose trntli 
is admitted and which are arranged in accordance with rtilt\s* These art^ t he 
two ideals, and experience shows that, except in the Himpk'st matlKsuMi 
we can hardly ever satisfy the first ideal without also satisfying tht* seeoiid. 
We may he able to recognise directly that 6 , or even 1 7, is prime, but n«iboily 
can convince himself that 2^^'^ — I 


is prime except by studying a proof. No one has ever had an ituaginaf ion 
so vivid and comprehensive as that. 

I A mathematician usually discovers a theorem by an efibrt of intuition; 
the conclusion strilres him as plausible, and he sets to work to manufaet urn 
a proofi Sometimes this is a matter of routine, and any w^elf trained pr<»- 
fessional could supply what is wanted, Imt more oft, on imaginat ion is a very 
unreliable guide. In particular this is so in the analytic, theory of iuunb(n* 8 , 
where even Ramanujan’s imagination led him very seriouBly ast^ray, 

There is a striking example, which I have very often t|Uoted, of a talsi^ 
conjecture which seems to have been endorsed even by Qausa and whit»h 
took about 100 years to refute. The central problem of the analytic theory 
of numbers is that of the distribution of the primes. The number uf 
primes less than a large number x is approximately 


(l.ai) 


X 

logx^ 


tMs is the “Prime Number Theorem”, which had been conjectured for a 
very Ipng time, but was never established properly until Hadamar<i and 
de la VaU 6 e-Poussm proved it in 1896. The approximation errs by defect, 
and a much better one is 


(1*32) lio; 

In some ways a still better one is 


dt j 

olog#* 


(1.33) lia:-Jlia:i-|Ka;i-|lia:i+^li#-|. 11 * 14 .,., 

’ The mtegral is a ‘principal value’. See § 2.2. 
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(we need not trouble now about the law of formation of the series). It is 
extremely natural to infer that 

(1.34) 7r(x) <lix, 

at any rate for large x, and Gauss and other mathematicians commented 
on the high probability of this conjecture. The conjecture is not only plaus- 
ible but is supported by all the evidence of the facts. The primes are known 
up to 10,000,000, and their number at intervals up to 1,000,000,000, and 
(1.34) is true for every value of x for which data exist. 

In 1912 Littlewood proved that the conjecture is false, and that there 
are an infinity of values of x for which the sign of inequality in (1.34) must 
be reversed. In particular, there is a number X such that (1.34) is false for 
some X less than X, Littlewood proved the existence of X, but his method 
did not give any particular value, and it is only very recently that an 
admissible value, viz. 

X = 

was found by Skewes. I think that this is the largest number which has 
ever served any definite purpose in mathematics. 

The number of protons in the universe is about 

1080 . 

The number of possible games of chess is much larger, perhaps 

(in any case a second-order exponential). If the universe were the chess- 
board, the protons the chessmen, and any interchange in the position of 
two protons a move, then the number of possible games would be something 
like the Skewes number. However much the number may be reduced by 
refinements on Skewes’s argument, it does not seem at all likely that we 
shall ever know a single instance of the truth of Little wood's theorem. 

This is an example in which the truth has defeated not only all the 
evidence of the facts and of common sense but even a mathematical imagina- 
tion so powerful and profound as that of Gauss; but of course it is taken 
from the most difficult parts of the theory. No part of the theory of primes 
is really easy, but up to a point simple arguments, although they will prove 
very little, do not actually mislead us. For example, there are simple 
arguments which might lead any good mathematician to the conclusion 


(1.35) 


7T{x) ^ 


logrr 


of the Prime Number Theorem,^ or, what is the same thing, to the conclusion 


^ means that the ratio //gr tends to nnity. 
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(1.36) 

where is the n-th prime number. 

In the first place, we may start from Kuler’s itliMiiiiy 

a37lTT-i ^ ' 1 ‘ V ’ 

V (f- 2~») (1 -;}-*) (I -r> “)... ■ 1“ a- a" "■ t'w"' 

This is true for ^ > 1, but both Bories and prothutt become intinit o tor .*# 1 . 

It is natural to argue that, when ^ = 1, the norioH and |>rt*dtirt Bhoiibl 
diverge in the same sort of way. Also 


and the last series remains finite for ^ = 1. It is naiAiral t,o inier that. 


P 




diverges like 
or, more precisely, that 

for large x. Since also 


S -T ~logloga!, 

„s*»log» ® ® ’ 


fonmala (1.39) indicates that is about wlogn'. 

There is a slightly more sophisticated argument which is really simph^r. 
It is easy to see that the highest power of a prime p which divuloH zl is 




where [y] denotes the integral part ofy. Hence 


: U pl.X/p}+tx/P'P+: 
pSx 


(1.40) tog«l_ S_([|] + [i] + ...)loBj,. 


i ^ i ^ practioaUy a:loga;, by Stirling’s Theorem. As 

one may argue; squares, cubes, ... of primes are 
comparatively rare, and the terms involving them should bo unimportaut 
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and it should also make comparatively little difference if we replace 
by xjp. We thus infer that 


P 


--irlog 


2 

P 


log X, 


and this again just fits the view that is approximately nlogn. 

This is broadly the argument used, naturally in a less naive form, by 
Tchebychef, who was the first to make substantial progress in the theory of 
primes, and I imagine that Ramanujan began by arguing in the same sort 
of way, though there is nothing in the notebooks to show. All that is plain 
is that Ramanujan found the form of the Prime Number Theorem for 
himself. This was a considerable achievement; for the men who had found 
the form of the theorem before him, like Legendre, Gauss, and Dirichlet, 
had all been very great mathematicians; and Ramanujan found other 
formulae which lie still further below the surface. Perhaps the best instance 
is (1.15). The integral is better replaced by the simpler function (1.16), but 
what Ramanujan says is correct as it stands and was proved by Landau in 
1909; and there is nothing obvious to suggest its truth. 

The fact remains that hardly any of Ramanujan’s work in this field had 
any permanent value. The analytic theory of numbers is one of those 
exceptional branches of mathematics in which proof really is everything 
and nothing short of absolute rigour counts. The achievement of the 
mathematicians who found the Prime Number Theorem was quite a small 
thing compared with that of those who found the proof. It is not merely 
that in this theory (as Littlewood’s theorem shows) you can never be sure 
of the facts without the proof, though this is imj^ortant enough. The whole 
history of the Prime Number Theorem, and the other big theorems of the 
subject, shows that you cannot reach any real understanding of the structure 
and meaning of the theory, or have any sound instincts to guide you in 
further research, until you have mastered the proofs. It is comparatively 
easy to make clever guesses; indeed there are theorems, like ""Goldbach’s 
Theorem”,^ which have never been proved and which any fool could have 


The theory of primes depends upon the properties of Riemann’s function 
C(^), considered as an analytic function of the complex variable s, and in 
particular on the distribution of its zeros; and Ramanujan knew nothing 
at all about the theory of analytic functions. I wrote before 

Ramanujan’s theory of primes was vitiated by his ignorance of the theory of 
functions of a complex variable. It was (so to say) what the theory might be if 
the Zeta-function had no complex zeros. His method depended upon a wholesale 

^ “Any even number greater than 2 is the sum of two primes.” 


iS-3 
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use of divergent series.. . -That his proofs should havo Imm inviilid wan only to 
be expected. But the mistakes wont deeper than tluit, and many of ilie ariual 
results were false. He had obtained the dominant terms of tht^ eluHsieuI formuIiM% 
although by invalid methods; but none of them an* such ehnse a|)proxiniat i<mM 
as he supposed. 

This may be said to have been Ramanujan’s one great faihire, . . 

and if I had stopped there I should have had notliing to add, but I all(nvi*d 
myself again to be led away by sontinieiitaliH*n. i wtmt on to argute that- 
“his failure was more wonderful than any of his iriuinphn'’, and that. Lh an 
absurd exaggeration. It is no use trying to pretend that failures is soroet Idrig 
else. This much perhaps we may say, that his failure in one whielu on the 
balance, should increase and not dimmish our admiration for Ids gitt s, 
it gives us additional, and surprising, evidence of !uh iniaginat it>n and 
versatility. 

But the reputation of a mathematician cannot be madi^ hy failures or by 
rediscoveries; it must rest primarily, and rightly, on actual and oi iginal 
achievement. I have to justify Ramanujan on this ground, ami ibid, I hoipe 
to do in my later lectures. 


NOTES ON LECTURE I 


p. 1. This lecture is a reprint of one d<^Iivi)re<i at Marvanl 'rnrceoienary 
Conference of Axts and Sciences on August 31, 1936, and publishiul in the 
Math. Monthly, 44 (1937), 137-166. 

pp, 7—8. For (1.1), see Preeo©(2); for(1.2)an<l(l.3),Hardy (4, 8); for( L4), lfardy(4), 
Whipple (1) and Watson (7). All those formula<i are spocial cmhoh of much inure general 
formula© discussed in Bailey’s Cambridge Tract (Jmtralined htfpt^n/iotnrtrir Hrrir^ 
(nm 32, 1936). See also Lecture VII. 


For (1.6) and (1.6), see no. 11 of the Papers, and Hardy (5, 6). 

There are formula© of the same typo as (1.7) in a paper by ITanly in Qtmri 4 *riy 
Journal of Math. 36 (1904), 193—207- The formula (1.7) itself is provwl Isy preetje (2), 
See also no. 11 of the Papers. 

For (1.8), see Watson (2); for (1.9), Preece (4); for (1.10)™(L12), Whitsun (4, ^); 
and for (1.13), Watson (8). 

As regards (1.16), see Landau, Archiv der Math, und Physih (3), 13 ( 190H), 3U5 315, 
and Stanley (1). Miss Stanley shows just how Ramanujan’s statomont is mishttw ling. 
See also Lecture IV (B). 


P* Librarian of the University of Madras has very km<Hy stmt me a eo| )y o f 

the catalogue punished in 1914, which makes it plain that the library was belter 
®<l'^PPed than I had supposed. For example it possessed two standard Ertaich 
trea,tises on elliptic functions (Appell and Laoour, Tannery and Molk) m well tw thu 
ooks of Cayley and Greenhill. It seems plain from other evidonc© that Ramannian 
knew somei^g of the English books but nothing of the French ones. 

fo^d the general rationcU solution of (1.17), and his solution waa 
*^***®’^ twitors. See, for example, Hardy and 
W ight, 198 202. A number of special solutions similar to (1.18) will bo found in 
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Dickson’s History, ii, 500 et seq. The solution (1.19) is substantially the same as one 
found by J. R. Young (Dickson, History, ii, 654). 

The simplest known solution of 

+ 

is Euler’s 158^ + 59^= 13#+ 133^ = 635318657. 

See Dickson, Introduction, 60-62, and History, ii, 644-647. Euler gave a solution 
involving two parameters, but no ‘general’ solution is known. 

There is a proof of von Staudt’s theorem, due to R. Rado, in Hardy and Wright, 
89-92. 

The quotation from Littlewood is from his review of the Papers, 
p. 12. The general theory of the representation of numbers as sums of an even 
number of squares is discussed in Lecture IX. For Legendre’s ‘three square’ 
theorem see Landau, Vorlesungen, i, 114-122. 

p. 13. Laguerre’s formula (1.26) is formula (18) of Oh. xii of the ‘second edition’ 
of Ramanujan’s notebooks. See Watson (10), 146. 

For ‘the most imposing’ formula see Watson (14). 

p. 14. The equation (1.29) was rediscovered by Rogers, Proc. London Math, Soc, 
(2), 4 (1907), 169-189, and is attributed to him in the Papers, 337; but it is to be 
found in a posthumous fragment of Abel {CEuvres, ii, 193). 
p. 15. For (1.30) see Lecture XI. 

p. 17. Skewes, Journal London Math, Soc, 8 (1933), 277-283. Skewea assumes 
the truth of the Riemann Hypothesis, but ho has since found a (much larger) value 
for X independent of the hypothesis. This work is still unpublished. 

p. 18. For (1.40) see, for example, Hardy and Wright, 342; Ingham, 20; Landau, 
Handbuch, 76-76. 
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RAMANUJAN AND THE THEORY 
OF PRIME NUMBERS 


2.1. I shall begin by discassing Ramamijan\s work in iho 
theory of numbers, and particularly on iU inosi fainoUM problom, tho |)ro > 
blem of the distribution of the primes. I told you that his vrt>rk In f his tiuld 
has little permanent value, but I am not afraid that you wilt tiiut wliat» I 
have to say the less interesting for that. The prohkun m ono of iho niont, 
fascinating in the whole of mathematicH, and Ibimamijan'H attark on it 
was conceived in a thoroughly interesting way; and I have luipubliRhiMl 
manuscripts to refer to, and can explain to you for tflus lirHt tinu^ just whtuT^ 
and how he failed. 

Ramanujan wrote about the problem in botli of his first two liit tors. Ho 
did not write at length, and I can quote what he says in full. 


16 Jan. 1913 

In p. 36^ it is stated that "‘the number of prime uumherH U'hh than .r is 


j, 


dt 

liiogT 




where the precise order of p(a:) has not boon dotormiiu'd 

I. I hare found a function which exactly n)pr(W(in<.H tlu^ muJiixu' of 
prime numbers less than x, “exactly” in tho sonso that tlm diilbroiu'i* be- 
tween the function and the actual number of primes is generally 0 or som<i 
small finite value even when x becomes infinite. I have got tho I'um-tiou in 
the form of infinite series and have expressed it in two ways, 

(1) In terms of Bernoullian numbers. From this wo can easily <-aI(‘iilate 
the number of prime numbers up to 100 millions, with gonerally no error 
and in some cases with an error of 1 or 2. 

(2) As a definite integral from which we can calculate for all valnes. 

I have observed that ig of such a nature that its value is very sniaU 
when X lies between 0 and 3 (its value is less than a few humlrotls whtta 
a: = 3) and rapidly increases when x is greater than 3. 

II. I have also ©jf expressions to find the actual number of prittu# 
numbers of the form An+B. 


1 

% 


Of my Cambridge Track Orders of infinity (no. 12, ed. 2, 1924). 

later 
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The difference between the number of prime numbers of the form 47^ — 1 
and which are less than x, and those of the form 4^+1 less than is infinite 
when X becomes infinite .... 


29 Feb, 1913 

1. The number of prime numbers less than x is 


L 


tat+\)r{t+i) 


dt, 




2*2 

(log a:\ 

I+— 1 

/log x\ 

1 

/loga5\ 

TtW 

1 27r j 


[ 27T j 

1 +5^6' 

[ 271 } 


+ . 


= -^0 , . . . , the BernouUian numbers. 


( 2 . 1 . 1 ) 
where 
( 2 . 1 . 2 ) 

and y = log x, 

2. The number of prime numbers less than x is 
(2.1.3) 

where B^ 

3. The number of prime numbers less than x is 

(2 14^ r ^ ^ ^ i dt 

Jo log* 2Jc log* sjc log* Sjo log*'^6j« log* ■■■’ 
where c = 1*45136380 nearly ^ 

I have also found expressions for the number of prime numbers of a given 
form (say of the form 24?^+ 17) less than any given number. 

Primes of the form 4^^ + 1 = primes of the form 6?^4- 1, 

4?^ — 1 = 6^—1, 

872,+ 1 = 1272,+ 1. 

Those of the forms 87^ + 3, 87^ + 5, 872, + ?, 127^ + 5, 127^+7, and 127^+ll 
are all equal. 

But 

(primes of the form 472, — - 1 ) — (those of the form 472, + 1 ) -> 00, 

( 67^~-l) — ( 67^+ l)-->oo, 

( 877+3) — ( 877+1)->-00, 

( 1277+5)— ( 1277+ 1)-->CX). 


X 


Hamaimjan proceeds to explain the law of formation of the series. It is of course 


( 2 . 1 . 6 ) 


p"'" dt 
m J e logi’ 


where /i(m) is the Mobius function which is (—1)P when m is “ quadratfrei ” (a 
product of p different primes) and 0 otherwise. 

He continues with instructions concerning computation from the series (see 
JPapers, 351), 
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I have not merely shown that the difierenco Uiatln to inilmiy, Inii fVauid 
out expressions (like those for prime numbers) for the dif!Vrea<H% within, 
any given number 

We must read the second letter in the light of the* firnt; the fornmliu^ 
(2.1.1), (2.1.3) and (2.1.4) are naturally not exa<’t.’‘ Hanuuuijan th^fiuoH 
three functions, the integral (2. 1. 1 ), which 1 will <‘all ./(.r)* anil I ht^ two 
series (2.1.3) and (2.1.4), which I will (Uill 0{.v) and ivtdy , an<i 

asserts that they differ boundedly from 7 t{x): if F(x) in any tme of f lu^ tiirtH'? 
functions, then 

(2.1.6) 7t{x) = F{x)^\^0{l). 

The series B{x) is a famous series which o(*curH in Rimnann’H work, and a 
series much like G{x) was found by Oram. '‘J'he intt'.gral */(.r) had ni?vm\ ho 
far as I know, appeared before; and in any cane 1 am Hun^ (tor rt*aHo!iH w hi<*h 
I will state later) that Ramanujan had found all threes finurtioim for hiiUHcIf. 


Eamanvja7i'8 series and mtegral 
2.2. The series used by Gram is not G{x) but 

( 2 . 2 . 1 , 

and G{x) is twice the sum of its odd terms.® This stnies <*an (as no <hHibfc 
Ramanujan knew) be shown to bo identicud with Uiir). 

We require some preliminary obsorvationH about H{x)^ which i wilt 
write in the form (2. 1,6). 3 It is known that 

(2.2.2) 

m 

and 
(2.2.3) 


^ 0 


m ^ 


(though even the first of these equations is as “ dottp ” as tfio I’rinxi NuiuImu* 
Theorem)*It follows from (2.2.2) that tho valuo of o in (2. 1 .-t) is immaterial 
(so long as it is not 1). In particular, if wo clofino tho logarithm iut iigral 
lire, when a; >1, by 

lologt e->o\Jo 




Since n(x) is discontinuous. 
Since 


'+r ) 

Ji+J log I 




^ See the footnote to p. 23. 
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(a “principal value’’ in Cauchy’s sense), then we may write (2.1.5) in the 
more usual form 

(2.2.4) Ii{x) = i: li ajV"*. 

m 

It is known that 

(2.2.5) ]ix = y 4- log log a? + S — , 

where y is Euler’s constant. Hence 

(2.2.6) = y + log log x — log m + S 

® ® ^ xn.nXm^ 


= — log m + y + log log x-\-0 



when m^oo, and the convergence of (2.2.4) depends upon that of (2.2.2) 
and (2.2.3). 

If we substitute from (2.2.6) into jK(a;), and remember the formulae 
(2.2.2) and (2.2.3), we obtain 


R{x) = (y + logloga:)S“^-S^^^^logTO + S 


^(m) (log a;)” 
m ^n.nl 


(loga;)" /t(m) 
n.nl 


1 4 .V (log a)™ _ 

^-^nan+i)r(n+l) 


= £!'(*)/ 


SO that the sums of Riemann’s and Gram’s series are the same. Also, if we 
write logo; = y and 


Hx) = hilogx) = My) = i + 

then G{x) = h{y) — Ji{ — y), 

and it is not difficult to show that 

(2.2.7) h{^y)^0 

when 00 .^ Hence 6?(a;) — jK(x) + o(l), 

and Ramanujan’s series is equivalent to Gram’s, 
We can also prove that 

(2.2.8) J(x) = G(x) + o(l); 
but the proof, which depends upon the formula 


p ^ e-^^dx 

jo /’(cc+lj * Jo x{7r^+{logx)y 

is a little more difficult. If we may take this for granted, we can conclude 
that Ramanujan^ s three, approximations are equivalent. I may therefore 
confine myself, in what follows, to the most familiar function, R{x). 


^ All summations are from 1 to oo. 

® See the notes at the end of the lecture. 
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The scrte^H M{r) 

2.3. Kamanujan’s assertions amount to thin, that. 

(2.3.1) nix)-M{x) - 0(1), 

i.e. that 7 t{x) — B{x) is bounded. In this oiiso 

(2.3.2) Tr{x) - :R(x) 0(.r'^) 

for every positive so that the error is lens important, tijan any term of 
M(x). It would be an easy deduction that 

(2.3.3) n{x) = li a; 4- 0(x^ ‘ 

(2.3.4) 7r{x) = liir-41i:r*-b 0(.r*^^), 

and so on, for every positive S, In partundar it wcniid idll<)w that. 

(2.3.6) 7r(a;) — li a; — CO 

when £C“>oo. I may as well say at once that, of tIi<\Mo aHHortiooH, (2.3.1), 
(2.3.2), (2.3.4) and (2.3.6) are certainly false, while (2.3,3) HtamiH or falln 
with the Hiemann Hypothesis. 

Ramanujan’s main thesis is false, but it is aHtoniHhin^ how well it tit s t he 
facts. The primes are tabulated up to 10,()0(),00(): aiul t.lu*! vahie trf /r(,r) ban 
been found for a number of much larger values of .r, TIu^ tahk% hIhhvh noiim 
of the values of 7r{x), and the errors of li x and It{x) l>y ex tu'SH or default.. 


X 

TTix) 

Ho? 

mx) 

100,000 

9,692 

3H 

6 

1,000,000 

78,498 

-f- 130 

"^30 

2,000,000 

148,933 

4* J22 

... $t 

3,000,000 

216,816 

1 4- 166 

0 

4,000,000 

283,146 

4" 20il 

I 4' 33 

6,000,000 

348,613 

4“ 1 26 


6,000,000 

412,849 

4- 22H 

24 

7,000,000 

476,648 

4- 179 

,« 3H 

8,000,000 

639,777 

4“ 223 


9,000,000 

602,489 

+ 187 

-63 

10,000,000 

664,679 

4“ 339 

4-' HH 

100,000,000 

6,761,466 

4- 766 1 

4" 97 

1,000,000,000 

50,847,478 

4-1768 ^ 

-23 


The largest error known in E(x) is + 228 for a: = «0,0(Mt,<K)(>. 'I'he agroo- 
ment is very striking and (though Ramanujan had not facts on this scale 
to mislead him'^) it is not at all surprising that he should have bwju jnislod. 

' only results for quite small x; errors -0-1, -0-1, +0-2 for ® = 60, 300. 

1000 {Bapers, 351). 
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The early history of the theory of primes 


2.4. Ramanujan, of course, had not merely ‘"'guessed’’ his theorems; no 
flight of pure imagination could carry any man so far. He had a “proof”, 
a deflnite, and very ingenious, train of reasoning. This I intend to explain, 
but it is essential that I should give first a rapid sketch of the history and 
structure of the “classical” theory. 

The Prime Number Theorem, 


(2.4.1) 


7T{x) 


X 

logo;’ 


was conjectured independently by Legendre and by Gauss. Gauss gave 
the approximation lix, now known to be more accurate, but neither author 
is very explicit about the degree of accuracy which they claimed for their 
formulae. As I said in my first lecture, (2.4.1) is equivalent to p^^-^'nlogn. 

The first definite progress was made by Tchebychef. Tchebychef proved 


that 

(2.4.2) 


Ox 

logx 


< 7T{x) < 


Gx , 
logir’ 


or (what is the same thing) that 

(2.4.3) Cn log ri<p^< Cn log n. 

He also introduced the functions 


(2.4.4) d-ix) = S logp, rjrix) = S logj>.* 

These functions are in some ways more natural than Tr(x). Thus 

■&{x) = log ( n 5^) 

\p^x J 

(and the most natural operation to perform on a set of primes is to multiply 
them); and frix) is the logarithm of the least common multiple of the num- 
bers up to X. It is the more complex function ir{x), as we shall see, which 
presents itself most naturally in the analytic theory. The number of 
squares, cubes, ... of primes up to x does not exceed 

x^ + x^ -{-x^ + — 0{x^logx),^ 


* I use C generally for an “absolute constant ” (a number such as 7 or tt). The various 
<7’s are naturally not equal. 

^ Coxmt logjp for every p, p^, . . . up to x. Thus 

^(10) = log 2 + log 3 +• log 2+ log 6 4- log 7+ log 2 -flog 3 
= 3 log 2 + 2 log 3 + log 5 + log 7 

(log 2, for example, arising from 2, 2® = 4, 2® = 8). 

3 Since p^>x if m>logx/log2, we need take only 0(loga?) terms of the series. 
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which is insignificant compared with funetitjan who^ts tinier in about* t. 
Hence powers of primes are comparatively unimpoi-t arii iii the f htH uy, aatl 
we may think of ^{x) and '(J!r(x) as, for our fir<\seat [iijrj»o.sr, Hub.stantially 
the same. 

It is natural to expect that 

(2.4.5) logo:. 7r(a;) ^ 

since (i) 'd'{x) and ilr{x) are *'much the sauus’h aiui (ii) y(.r) eontaiirs ;r(x) 
terms in most of which logj> is nearly log.?:. gave an aeeuraie 

proof of (2.4.5), and inferred that 


(2.4.6) 




iim 




if any one of the three limits exists, and that the hrinu: Numiau’ Tht^urem in 
equivalent to either of 

(2.4,7) d'{x)'^x, y'r{;x)‘^x. 

Finally, he proved that the only possible value of tim limits is I ; but iu% 
could not overcome the fundamental ditllculty, th<^ proof id* t he existimi*<!s 
of the limits. 


The proof of the Prime Number Theorem 

2.5. The Prime ISTumber Theorem was finally prove<l by lladamard and 
de la VaU^e-Poussin in 1896. Tho analytic atta<(k ujx.u tluri.n.}.l,.m dciicn.lH 
on Euler’s identity 

(2-5-1) C(«) = !:»■*= n , ‘ .. 

™ /i i ~ p 

where ifts > 1. It follows from (2.5. 1) that 


logC(s) = Slog, „ = S 

the summation being over all primes p and all positive i.degerM w. Hone 
(2.5.2) 

where 


-CK?i _ s-' v'. 

tl(s^ ft. ^ 


a^^logp {n^p»% 

=== 0 (otherwise), 

"sum '‘y »'>'l tl.„ 


“sum function’ 
of is i/r(x). 


A(x) 


' S a™ 

nSx 
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We now require a general theorem in the theory of Dirichlet’4 ^rieB. 
Suppose that ^ == cr + it, and that 

f{s) = 

is absolutely convergent for or> 1. Then 


rc+U 

Ini] c-ia 


is 0, i, 1 

in the three cases 0 <y<l, 2 / = and it is easily proved that 

ij/wf * - - S' ». - 

where A'^'(x) differs from A(x) only in that, when x is an integer, the last 
term in A{x) is to be multiplied by In particular 


(2.5.3) 


1 rc+doo 


where c> 1 and 


This formula contains the analytic set-up'* of the prime number problem. 
In what follows I shall give two approximations to the solution, the first so 
rough that, in the present state of knowledge, it cannot be carried through. 

It is known that ^(.s) is an analytic function of s, which has a simple pole 
of the tyi:)e ^ 


at 5 = 1, but is otherwise regular. It satisfies Riemann's equation 
^(l-,s) = 2(2n)-^ cos Isn r{s) ^{s). 

It has simple zeros (the “trivial" zeros) at 

^ = -2, -4, -6, ... 

and an infinity of complex zeros p for all of which 0 < cr < 1. The “ Riemann 
Hypothesis " is the hypothesis that all the p have the real part 
The function (2.5.2) has also a pole of type 

1 

at ^ = 1, and poles of types 

1 1 

h • • • 

s^2n s—p 

* The integral is a principal value at injanity (i.e. the limit of an integral from 
c — iT to c-^iT) when £c= 1. 
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at the zeros of Let m ansunu^ that liieiiuum iiy fn *! m 

true, and that the bohavioiir <>f/(.s'), \vh<‘n rr , - h and j ^ | - / , in ttuh fon 
had”. Then it is natural to suppose that we i'aii nujvt^ the i-utifunr of in- 
tegration in (2.5.S) across the [>ole at .v L and (hnluee 

(2.5.4) + 

where J- <y < 1. Tlio x ia tlio residue iirLsiiitr t'ruiu ( ht* jitdi* ill ,< I . h'm-i 
since every element of thoiatej'nuui wuforder.jvin.c, it w imtund tosupix 
that the integral is of rmieli the aiune order, and t hat. 

(2-5.6) f*(x) • ■ x -i-a{.rti) 

for every )?> 1^. Since the difference hef.woeii and ;//(.(•) is af. most log.r, 

this gives the Prime Number d'heonan (and a gtmd deal tiutre). 'I'lie argu- 
naent cannot be developed accurately on <mitt( f iai .siinjile line.s winch I ha\‘<> 
sketched, but (2.5.5) is actually a corrtsd, <s)neiu.Hion IVoni fiie Itiemann 
Hypothesis. 

It is easy to deduce from (2.5.5) that 
(^•®-®) 7r(:r) = li;r4. f>(xt'),‘ 

again for any /? > ^. Por (2.6.5) is equivalonf, f,o 

(2-S-7) i9'(a:) a--t-O(x/0. 


n{x) = 1 + 

J i 


and so 


a log« 


Ja log« Jalogf^ ^ ^ 


which is (2.6.6). 
The function 
(2.6.8) 


= rW)-*} . 

Ja logr 

= _ log 2 - 2 ,^ (« ) _ i 

log*: 10^2 “^ji,i(Iog<)a' 

= 0{xfi), 

n(x) = 7r(a;) + ^{p^) + + . . . 


_log2-2 /'^,^(«)_/ 

log 2 “^jMfl(Iogi:)a* + ^'^C) 




with a^he p^ofete Stieltjos mtogral ##(«:) is tho atop-function 
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is related to i}r{x) much as is 7t{x) to d'(x). Since 

+ ^7r{x^) + . . . ^ + . . . = 0{x^ log x), 

we have also 

(2.5.9) Z?'(a;) = lia;-f 

Second approximation to the proof 

2.6. This is the first approximation” to the proof of the Prime Number 
Theorem, but it is essential that we should get a little closer to the truth if 
we are to understand Ramanujan’s attempt. In my second approximation 
I shall discard the unproved Riemann Hypothesis; but that will not be the 
most important improvement. 

The main difficulty in my first “proof” lay, not in the assumption of the 
Riemann Hypothesis, but in the naive argument about the “order” of the 
integral in (2.5.4). The fundamental difficulty is that the integral is not 
absolutely convergent, and that we cannot be sure that its order is not 
much greater than that of any of its elements. We avoid this difficulty by 
considering not itself but an average of i/r'^{x) or '^{x), and finding 

an asymptotic formula for this average. We have then to infer back from 
the average to the function itself, and this introduces a new element, a 
“Tauberian” element, into the proof. 

It is most convenient to state the argument in terms of general Dirichlet’s 
series, and I shall prove the following general theorem. Suppose 

(i) that 

(2.6.1) f{s) = 

is absolutely convergent for cr > 1 ; 

(ii) that/(5) is regular on the line cr = 1, except for a simple pole, with 
residue 1, at ^ = 1; 

(iii) that 

( 2 . 6 . 2 ) f{<r + it)^0{\t\-), 
where a < 1, for cr ^ 1 and large | ^ | ; 

(iv) that 

(2.6.3) 

where is a constant. Then 

(2.6.4) A{x)r^x. 

We write 

(2.6.5) A^{x) = rA{y)dy = rA^{y)dy,^ 

Jo Jo 

A{y) and A*iy) differ only at isolated points. 
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From 

jQ 'T/ A«1 — - 

27TiJ, 

it follows by integration tliat 

(2.6.6) 

2 

2571 J, 
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^C'l iiJd 


c -itMt 


/(«) r/a (r> 1} 


1 

-d^ix) = _ /(.s) 

i ‘J t'tJt * 


I I) 




We have also 


d« 4:-t- <■-*(1},' 

C-^ioO ^ 


(2.6.7) 


j rc-f-ioo 


A 


^ t jt 


2niJ, 


c—ioo “b 1 ) 


*.<:■■» f <Hx). 


Subtracting (2.6.7) from (2.6.6), wo obtain 

(2.6.8) = ,y, 

where 

(2.6.9) 

and a simple continuity argument enables us < o t ake r ^ 1 . 'riuis 




(2.6.10) ..l,(!C)-l»> + 0(*) - -1. f'*" 

Now it is easy to prove that 

where 0<a< 1, i.e. that f(^), and thereforo natinfu^H rcnulifioii uf 
the theorem. Hence the mtogral in (2.(hl0} in of thi^ form 

the product of by an integral of the typo 

where J| ir(t) | di < oo. Such an integral tends to 0 whoxi g logx »■ jo,-' 

~ i*® = o(a;®). 


and therefore 
or 

(2.6.H) 




I C®] if (S is not an integer, a: - J if it is. 

“ - '■ /w «.> ■«., 

! ^ ~ I * 1 ): see Ingham, 27, or landau HandhurA t rto 
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2.7. We have now to pass from (2.6.11) to (2.6.4). This requires a 
^^Tauberian’" argument, here of a very simple kind. If 

(2.7.1) 6,-a^^l, 

then B{x) = S (a^ — 1) — A{x)'-x+ 0{X), 

-Si(*) = ^iy) % = 

and so 

(2.7.2) B^{x) = o{x^)i 
and 

(2.7.3) 6^>-^-l = -i>, 
say, by (2.6.3) and (2.7.1). We have to prove that 

(2.7.4) = o{x). 

Suppose that (2.7.4) is false. Then there is a positive d such that one or 
other of 

(2.7.5) B{x) > dx, B(x) <-dx 

is true for arbitrarily large values of x. 

Take, for example, the first hypothesis, and suppose that B{i) > d^. Then 


B{x)^Ba)= E b^>^Lix^&) 

g<n-^x 


and 

B{x) > — B(x — 


for 

g<X<.i' = ^1 + 


Hence 


'\dgdx^^g\ 


But this contradicts (2.7.2), since each term on the left is o{^^). 

We can deduce a contradiction similarly^ from the second hypothesis 

(2.7.5), and the two contradictions prove (2.7.4). 

In order to deduce the Prime Number Theorem we must show that the 
function (2.5.2) satisfies the conditions (ii), (iii) and (iv) of §2.6. The last 
condition is satisfied because A{n) ^ 0. Condition (ii) is equivalent to 

(2.7.6) ^{1 + it) 4^0, 

and (iii) asserts rather more. It is the verification of these conditions that 
is the main difficulty of the proof. 

^ But now using an interval i) to the left of 

• H E. 
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di i'f Itipnn uts 


2.8. There arc two cliaptcrM in tins prot^f (anti in all uthi*r proulH) of* t lu^ 
Prime Nnmher Thooroni. The linst part <»r t ln^ proof in piopt^rl v fuurticni* 
theoretic. We show that ^{h) han certain prt^ptniit*^, aiei thnlui't* an aHyirip- 
totic formula for 


fii?’) 

X 


I r.r 
;rj 




or for some othoraTerago of ^(x). The siH’ontl part Is “1 auberiau Tht' tiiih.. 
culties are divided diiferently, in <lit!\'rtnit proofs, bet wetni f iu^ t \vt» chapters. 
In the “classicaP^ proof, which 1 have Hketchtsl ytm. t he first ehapier 
is difficult and the second easy, only a viny simple Taulieriun iltis>reiu 
being required. Later proofs simplify tlio first eliapter at tfa^ r.\prns<-. of 
the second. 

The most important of these more recent <ic:v(*l(>pnu‘iits is dm*, in c^ssen- 
tials, to Wiener. Wiener and liis followers havt? sliowu that Wi*f may simply 
strike out the condition (iii) in the geiicnd tlu*ori*m af § 2.H. VVc. still 
need (ii); in particular, in the application to priim^s, wc tnust st ill prove 
(2.7.6); but we do not require to know any! lung at all abi>tii the hehaviotir 
of at infinity. It had for long been said, a litt h^ vaguely, that **ihe 
Prime Number Theorem is equivalent to tlubassertion tlofct has no 
zeros on cr = 1”, but,Wiener has enabled us now to inter|>rtd, t Ids staitommi 
literally, and this is naturally a very important <u)ntriimt4on Ui tiw logit*, of 
prime number theory. 

What is relevant now, however, is not Wiener’s gfuicnilisat ion, ilm ** trntd* 
generalisation of the theorem, but a half-way gems^alisat i<»n made l>y Little- 
wood and myself in 1915. This half-way theorem has I<mt its .siguiticanct^ 
since its supersession by Wiener’s, but it is just what is wanitHl fi>r the 
comprehension of Pamanujan’s work. 

Littlewood and I found ourselves in poBsossion of a pi>w^erf«l I’auberiaii 
theorem: if 

( 2 * 8 . 1 ) 

when 2 /-> 0 , and 

' A{X)~X. 

This has an immediate application to tlio Prime Nu.nbor 'I'licor.-iu, Hinco, if 
we can prove that 
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it will follow that ‘ijr{x) -- x. Since 

( 1 - e-y) Za^e-'^y = ( 1 ” e^-y)^ + . . . + 

_ AiO) + A{l)e~y’\-.,. + A{n) 6"^^+ 

~ l+2e~y+ ,., + {n+ l)e-'^y+.,. 

and 1 — e~y -- y, we can regard 

yZa^e-'^y 

as a kind of average of A{n)ln, Hence a function-theoretic proof of (2.8.3) 
will lead to a proof of the Prime Number Theorem conforming to my 
general description. 

Littlewood and I, then, proceeded as follows. In the first place, we proved 
an extension of the general theorem; we showed that condition (iii) of § 2.6 
may be replaced by 

(2.8.4) f{cr-hit) = O(e^l^l), 

for any positive constant A . This of course has no importance now (since 
in fact no condition of this kind is wanted). Secondly, we deduced (2.8.3); 
and finally we applied our Tauberian theorem. It is on (2.8.3) that I want 
you to fix your attention, since this was also Ramanujan’s first objective. 

Mamanujan^s argument 

2.9. I can now pass to Ramanujan’s actual proof”, which he showed 
me some time after his arrival in England. I shall be able to make the points 
of it clearer if I allow myself to misinterpret his object a little, 

Ramanujan was trying to prove, not merely the Prime Number Theorem, 
not even merely a result like (2.5.6), which is true on the Riemann Hypothesis, 
but a much more precise result which we know to be false. He committed 
a definite, and a very curious, fallacy: his argument is not merely *''un- 
rigorous” but in a more drastic sense “unsound”, and I want to make 
his mistake quite plain. I can do this more easily, and without doing him 
the slightest injustice, by talking as if his aims had been limited to the proof 
of the Prime Number Theorem. 

Ramanujan writes 

(2.9.1) ^{y) = 'Elogp S c~^’”2'-log2 S 2^e-^^y 

p 711— X m—l 

= My) - My), 

and sets out to prove, first, that 

(2.9.2) My)-^- 
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He does not use the notatioii /l(n)t but* actualiy 

(2.9.3) 

so that the Prime Number Theomin would roally follow* from (2JI/J 
Next, he writes 

(2.9.4) <p(y) = ^>(y) - I <>(3//) 

where 0^ and <P^ arc the funeiionH relatinl la and hh 0 in t o 

(2.9.6) 0 ,(y) = siogi* £ ;; ;";x ■ 7 ,.,; 

p m-^i 1 * * *^ 'i * I r 

and 

m *>m/t a*/ 

(2.9.6) = log2 S) . ; 21.»g2 

m«*i i 4 " e * i r *1^ 


by the elementary identity ^ j 4 ^ ^ i 

2.10. Ramanujan now makcH a teuiaformaf iuii of */*,(//). Wo havt- 


t 1 ‘ *■->' l 


( 2 . 10 . 1 ) 

where 

(2.10.2) 

But 

(2.10.3) 
where 

(2.10.4) 

Also, if i; == iTp“, 




= 2.’/J(w) ^ 


^i(y) = S A(n) i] « «'■»* Vr.r ***, 

m-l « ^ 


Cfc- S/l(n). 

nj/fc 


sy(n) = Salogf, = log A-. 


= Slog !:«*«/ 

ii 


Hence 
and 

(2.10.6) 0 i(y) = Slog*e-*i'_2;|;logAe-s*«' 


■ S log 1: e~*>' — 2 2] log 2^: e"®**' + 2 log 2 2’** 


= e~"log l-e-®>'iog 24 .e~ 3 »log 3 - ... + 2 log 2 


* Since we must count log,, for each of the aivinom p,p» 


/» " 


'}• 

rinni 
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Combining (2.9.6) and (2.10.5), we obtain 

(2.10.6) ^{y) = e“^ log 1 •— log 2 + log 3 — . . , . 

Ramanujan now infers that 

(2.10.7) 
or 

(2. 10.8) <f>{y) - ^{2y) + <}>{Zy) 

for some I, He gives no reason, but the conclusion is correct and easily 
proved,^ Up to this point his argument, though expressed in a less con- 
venient notation than that which I have used, is quite sound. 

Next, Ramanujan infers from (2.10.8) that 

(2.10.9) 

All that would be necessary, if he were aiming at the Prime Number Theorem 
only, would be the milder conclusion that 

(2.10.10) 95(S/) = o(i), 

and we may continue his argument as if he asserted no more than this. 
He then states that 

(2.10.11) ^2(y) = log2S2’»e-2“2' 

1 y 

and from (2.10.10) and (2.10.11) he deduces that 

(2.10.12) 95,(2/) = 95(2/) + 952(2/) 

y 

which is (2.8.3). What he actually says and professes to derive from (2,10.9) 
is that 

(2.10.13) <Px{y)="+0{\), 
or at any rate 

(2.10.14) 9 ^ 1 ( 2 /) = i+0(y-*) 
for every positive d. 

Now (2.8.3) is true; it is, as I said, the half-way stage in the ‘‘Hardy- 
Littlewood” proof; and from (2.8.3) we can deduce the Prime Number 
Theorem in an “elementary” manner, that is to say by arguments which 
make no use of the notion of an analytic function of the complex variable. 

I use I for “a limit” (not necessarily the same in. different contexts). 

^ For example, the series 

log 1 — log 2 4- log 3 — . . . 
is summahle ((7, 1). The sum is — J-log Jtt. 
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It follows that, if Ramanujan rnaily hfui prnvmi In* wunld liuvu 

found arx elomontary proof of thu Pnmt» Nuiuhnr HioMn-in, a pn ii.>f its vi*lvin,i( 
no function-theory at ail. la partimilit-r. ht* wnui*! haa t* (2,7.0); 

and this is of cjourse enough to eonvinrt» any rt*atiiT \\ hts ktatu h t h<- .snhjsn*t 
that the proof cannot poHsibly ho eorrt*ct. Ami lu fhf’t Itamantijnn has 
deduced the true com thision from two false |iro|HiHit tons, the ».nt itm 

(2.10.11), and tho pn>posilh>u that (2.lu,H) intpiii*H (2.ltr!0). 


2.11. I had hotter sltow th<^ falsity i^f those prop4i.sit iotm at onri\ In t.hn 
first place, (2.10.8) docHruti imply (2.HkHt), and .si ill !eHi4 10.0)* HnppoHC, 

for example, that , , . , - 

^ Kid) - y * • 

Then X(!/)~X(%) + X(%)- - // ^ § ‘i ^ .*^1 

(1^-2 t di)ij ^ 


which is 0 if 


^>kn 

log-* 


hut yxiy) oscillates, in contradiction to Eamaniijan’H Htattnnent . h is f ruu 
that xiy) power-HcrieH in c I^amanujan's htil wc ran 

find such scries which mimic the behaviour of yCy) an rh»scly as \vr plrase, 
and the statement cannot ho rehabilitated by any 8ueh reservation. 

It is only natural tiiat Ramanujau’H argument nhoutd eontain flaws Uke 
this, where his instiuctH miHie<l him abotit ilm vali<lif y ui' diflirulf general 
theorems. There are true Tauberiau t!u*oremM whieh have snute HUpeiitehd 
resemblance to the one which 1 have j\iHf refuted, and a good deal of ex- 
perience and subtlety is needed to diMiitjguwh the true fnmi the fhhe. Ilm 
second error is much more Burprming, ninee one would have i^xpetUed him 
to be right about the behaviour of a npinnal fimtd ion likt* 

He seems to have been docoived by an ^dniegral analogy ’h d’he integral 
analogue of the series (2.10. 11) is 


( 2 , 11 . 1 ) 



2'^C" 


and 


j: 


2*e-a*!'db: 


J. 

log 




e-y^dz 


e y 

yXog^i"^ tjhrg-Z' 

^ that (2.11.1) behaves in the manner whieh he att.rihuksH to (2.H».n). 
But (2.10.11) itself behaves differently, liaving “w.ihl.hw” (.for.h'r I/y. 

We can refute Ramanujan’s assertion in numerouK wavH. in the fir.-tt. 
place, rf (2.10.11) were true it would follow (by the Hardy- Little wood 
Tauhenan theorem) that 


2 2»* ±_ 

log 2* 
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This is plainly false, since the series is practically doubled when x passes 
through a value 2^. 

A more direct argument is as follows. The function satisfies the 

equation = 26-^^/ log 2. 

It may also be verified at once that 


1^2(2/) = -logSS 
0 


i-lYy^ 2^+1 
7\ 2 ^+ 1- 1 


satisfies V^ 2 ( 2 /)““^^ 2 (^ 2 /) = 2e‘~^y\og^2^ 

and therefore h{y) = 4>4.y)'~'^^ky) 

satisfies }b{y) — 2'h{2y) = 0. 

Also yh{y) is not a constant/ 

If now we write yMy) = 


then 


^(logy) = ^(log2/ + log2). 


so that H is periodic and not constant. Hence yh{y) does not tend to a limit, 
nor does y<f>^(y). 

Finally we can, if we please, exhibit the “wobbles’’ in a formula. We 
can prove that 


(2.11.2) 9^2(2/) =r- log 2 S 

y 0 


(^^lyyr 2^+^ 

rl 2^+1 — 1 


1 ”, / l + 2kTTi \ 
y ^.0 \ log2 } 


y—2kniJlog 2 ^ 


where the dash excludes the value ib = 0; and the last series shows the 
wobbles, of order 1/y, explicitly. It converges rapidly, and the wobbles are 
small compared with the dominant term. 


The genesis of Riemann's series 

2.12. It will be plain by now that Hamanujan’s proof of the Prime 
Number Theorem was quite wrong. His errors were fundamental; he was 
wrong not merely because he could not supply the necessary “rigour”, 
but because the path which he followed did not follow the facts. I should 
like to say that “rigour apart, he found the Hardy-Littlewood proof”, but 
I cannot. 

Ramanujan could not prove the true Prime Number Theorem, and 
naturally he could not prove the false (2.3.1) or (2.3.2). I shall say something 
later about the way in which he professes to derive them from (2.10.13), 
but I must first make a few remarks about the status of the series B{x) in 
the orthodox theory. 

^ ^2(2/) is ^ meromorphic fimction, while has a barrier along the imaginary axis. 

The point could also be settled by calculation. 
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RtnntDiuJttH ami the thforf/ of 

There are two ^oalw in the llicon-. One is t,, (mnr ili,- I'rjji,,. Xi,tit}n** 
Theorem, orw)mo rofinemtmf u(»oii ii. TIi.M.f lior is t.. sin. I ai» i .nirt Hiiiilvsiral 
exprosHioii for 5 T(.r), or oms of itH assoinatfif ftm.-tions; an .-v j.io u(ii.-h 
may incidentally i)rovi<i(> an ajjjn-oxiinut i.ni tor «(,/ ), fiui is iontdif as aij 
end in itaolf. Itiemann (who never even inenfi.nis she I’rinie Xinnher 
Theorem) attfieluMi tlio HSMMHid jii'ohhnn. 

It iH easy to neo how aueh itient it i.-s mny t.e .ieriwd lr..m the integral 
(2.5.3). It in siatnni! to Huppo.se that the inleoral is e.|nal f.. itie stun of the 
residues at all the poh's to tlu* left of t he line of inteKraiion. The are I'asilv 
calculated, and wo Ihul tin* formula * 


(2.12.1) v!'*(;r).=. ar-v-'''' 

/' !> 






Here the first term arlHeH, sw in (2.5,1). than .s i , and the last from the 
tovial zeros. It w hwrly (>asy to dednee a foi-mnia for the fom-tion ///,•! 
defined by (2.5.8). If //*(.-) i. related to //(.,, as .s to the// ^ 


(2.12.2) i7*(as) = lia:- 




appropri.Oely to rover eos.o.Iex < 
We pass from //(s«) to ^(.r) hy one of the ••inve..sion io.nsnhm ” assoeia^d' 
with the Mobius function. If asso. nU.ed 


<j{i) - 


then (subject to certain msorvaf iou.s about eoiueroenee) 

/.r . 


/(I) 




It follows from this and (2.5.8)' that 
(2.12.3) 


/P' 

lOtlt <’< 




and, if we ignore the difference botwoon It .io,i //* i 

every term of (2.12.3) by lia:V« we obtain p V mJ ") in 

every term in (2.12.2) except the loading term uiat 1“! ■ 

Ignoring the complex zeros of f(«). ^ ’ *' *' **’ >nii.V. 

Theexaetproof of (2.12 11 amt ni i o • • 




Take /(£) = g;r(e£), ^ 
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for <T> 1. From this it follows, by ^^Mellin’s inversion formula”, that 

( 2 . 12 . 5 ) 

if c> 1/ 

If 

( 2 . 12 . 6 ) 8 == ^ + 

then 

(2.12.7) g{z) = -|5(5-l.)7r-^«r(-|5)C(^) 
is an integral function of z. Its zeros are given by 

(2.12.8) 5=p, z = -i{p-y) == r. 

They lie symmetrically about the origin, and are real if the Riemann 
Hypothesis is true; and 

(2.12.9) £(«) =g(0)n(l-5). 

From (2.12.7) and (2.12.9) we obtain 

(2.12.10) log^(s) = — log(s — l)-log/'(j5+l) + ^slog7r 

+ log£(0) + i:iog{l+^^^' 

and Riemann substitutes from (2.12.10) into (2.12.5) and evaluates the 
terms of the resulting series separately. The dominating term of (2.12.2) 
results from the term — log (5—1). 

There are gaps in the argument, of which the most important is the lack 
of any sufiicient proof of (2.12.9). This was only made possible much later 
by Hadamard’s work on integral functions. But what I want you to notice 
particularly is that there is nowhere any explicit use of Cauchy’s Theorem. 
Riemann’s formal machinery, his term by term integrations of series, 
his use of Fourier’s Theorem in the proof of (2.12.5), and his evaluations of 
particular definite integrals, would all have been intelligible, and highly 
sympathetic, to Ramanujan. 

2.13. I return to Ramanujan’s argument. We can write (2.8.3) or 
(2.9.2) as 

(2.13.1) 

^ Riemann put s = c -tit, and expressed (2.12.4) as a Fourier integral with a factor 

g—it log 

then appealing to the Fourier formulae. The two arguments are formally equivalent. 
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(though Ramanujan (ioon not iihu Ihix iimi.amt I'nau t h.-,.' 

we can deduce tho I’rime Number 'rhctu-fiii. Uanmtitijan thiui'^'ht that he 

could prove much more, viz, (:t!. Hi. i:)) or (d. iii.M), u tii.-h may Ite uritten an 

r I 

(2.13.2) I «"*(/»// (3) <'>(1). 

or 

(2.13.3) f <* '''•(/<, H:) * <H!j '■). 

J » 

From these ho do<hicto<i 

(2.13.4) i//(a')-.r 0{l) iuv 

and tho passage to 

(2.13.5) 7T{x)^-NiJ^) (Hi) (ur 

was easy. ijBixt his argunu'ut- is tinstnind hi*\t*nd Miy pMs.'^ihility of 
restoratiom. Not only are all of (2. 13.2) rahly iaiHo. hut 

the passagf,.:^m (2.13.2) or (2,13.3) ti* (2,13.1) is ahit» thlho’iiULH, *Thoro are 
no Tauberian theorems whieh permit uh Ui inalu^ ifderraro.H like thtM. Aiul 
I do not think that it is worth while to proht* more i'losely iat o tlie iletjuts 
of Hamannj art’s reasoning. There is one rc'proaeh at any rate that eannot 
be made against it. UnsoundaHii is, it in not "dim'*; Haiuanujan was never 
dim. It contains a very intioresting idea, and <me whieh. when properly 
pruned, fits into its place in tlu^ tlu^ory. 

The question of Rmnumtjnu^s oritjifiaiiitf 
2.14. Whatever you may think of UamaiiujatdH an,piinrr.it . y*ui will 
agree that his formal ideas were fuu^ and yau are nure to \v*>ndfu* whculu^r 
they were all his own. In particular, «lid lie rt*idly flineover the ICitunarm 
series himself? 

My own opinion is that ho <lid. There is. howtuuu% junt on«^ hook in whirh 
he might conceivably have seen the Hories. Thert^ wan a eopy of Mathews’s 
Theory of numbers in the Madras Uhrary% ami this Isjok eonfainn a (rather 
uncritical) reproduction of Kiiemann's analyHiH. I t Hi^eniH wort It whi!«^ t 4 > 
consider for a moment what books, of imporifuieo Inm ami areessihlo in 
Madras, Bamanujan may have consulted. 

There were five books which would have been partieiilarly import a.ut to 
Bamanujan: Whittaker’s Modern mmhjsis (piiIiiL'^lH*<l tn Tjn2). Brom- 
wich’s Infinite series (190S), Mathews (1392), and C^ayley h ami ilr€»ithiirs 
treatises on elliptic functions. My own opinion in that fm had seeri mm at 
east, and possibly both, of the last two books, hut none of the iither three, 
i have no idea how this may have happen<uh ami my opinion is fumed on 
internal evidence only, but no other hypothc.sis seems tti hi. 
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In the first place, Ramanujan cannot have seen Whittaker, since he did 
not know Cauchy’s Theorem. For the same reason, of course, he cannot 
have seen Forsyth’s Theory of functions. This is important because it 
shows that there were ‘‘obvious” books which Ramanujan had never seen 
although they were certainly accessible in Madras. 

The evidence about Bromwich is not so conclusive, but I cannot believe 
that Ramanujan had seen the book. He was keenly interested in divergent 
series, about which he had a “theory” of his own. Bromwich has a long and 
very interesting chapter on the subject, which would have fascinated 
Ramanujan; but Ramanujan never showed any knowledge of Ces^ro or 
Borel summability, or of any of the standard work. It seems plain indeed 
from passages in his letters that he had no idea that any scientific theory 
of divergent series existed. 

I do not think, then, that Ramanujan had seen either Whittaker or 
Bromwich ; but it seems plain that he had read some book on elliptic functions, 
and I agree with Littlewood in thinking that it was probably Greenhill’s. 
He never refers to books, but he never refers to any of the standard theorems 
of the subject as though he thought them his own. He claims to have ex- 
tended the theory in different directions, as he had done, but not to have 
invented elliptic integrals, theta functions, or modular equations. All these 
things he treats as parts of common knowledge. His own knowledge was 
remarkable both for its extent and for its limitations, and both the extent 
and the limitations fit excellently with the hypothesis that it was based on 
Greenhill’s stimulating but eccentric book.^ 

These theorems about prime numbers, on the other hand, Ramanujan 
claimed quite definitely as his own (though of course he recognised his 
mistakes later, and learnt the outlines of the established theory). This, to 
anyone who knew Ramanujan well, is conclusive; but the hypothesis of 
Ramanujan’s complete independence is also the only one which seems to 
me to fit the facts. 

In the first place, if Ramanujan had ever seen Mathews, how could he 
have been as ignorant as he was of the classical theory of quadratic forms, 
which Mathews discusses elaborately and which fills nearly half his book? 
The series for the class-number, in particular, would have fascinated 
Ramanujan, and it is certain that he would have studied them intensively. 

But the most conclusive evidence is Mathews’s chapter on primes itself. 
This, Whatever its defects, contains a fairly adequate description of Rie- 
mann’s memoir. It lays all the proper emphasis on Riemann’s great dis- 
covery, that the theory of primes depends upon the “complex” properties 
of Z{s), and in particular on the location of its zeros. The complex zeros of 

^ In which we learn first on p. 258 that the elliptic fimctions are douMy periodic. 
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^(a) dotmiiato the aiiuIvKis. hh thi*y inuNt iti iuiy a«'i*«eirif of lCit*mufUi‘.s werk 
Ramanujan luwl no aerurntn. kinuM n^nmt auialyUi* funrti«inH. fiui la. kntnv 
quite well that an <H|uat ton viHihi ha\'n an sntimy\^ »»!" t'Mni|ih.v muiM, mj 4 i 
could iiavo followinl the ar^nniHoit uitlniut ditit«‘ult\ . It that 

after seeing titw <^ha|ttei% he Hlnaild have f»rort*etlnd t** i’^ui.truii a l!»*orv 
in which ‘‘all tlu^ zeron of wtu'c real ’h * 

My concIuHion is, therehae, that ail flu's u^rk (,!" . ^^ilh its 

flashoM^of inspiration and its <'rude iniHtalves. was an individtta! and mj* 
assisted mMovmmmU Thtu-e k ut hvr hypnthvHm w hid, .ssons Im no. n, 
tenable, or to make any sort of inathmrnit tfal nr psy^'ijoiMtdi'al .stoinr. 

In eoneluHion I may say this. No one laddre Itierfifiiut, tar o'i I know 
had written down Uix). ami If Hamannjan funnd th*^ .eries lums.df if may 
seem a very astoniHlnng |)ertdnnanee. hJveit i kanss -NtupiHsi at h,r. 

There is, liowover, a <-erlain danger of e\Hgg#u*alioti. If 

//(a?) n(.c) t |/r{,#d) t ?yd-r*| f ... 

playa a more “natumi” part ii, th,...ry f iuu. pluv. a 

more natiiralpaii than ^(x);irw<Mvalwt*tiinJ if is//(r) ulii.-i. uun.U 
ffis Vir*’ ‘T 'IT '-T.u-.la, M«, 

TohebwSf ’“’T! inovifahJy. All tlu.H,. vv.-r.. furuiliar t<. 

fk 4 .?- ’ <•> f;,un.umju„ Iu..nv all 

these things too. a8 the arfr.uncnt.vvlm-l, I hav.* pn-s.-nf.-.l fo v<.» ^h.nv.s quite 
iitelfebte h.nvc^vor we ,„ay j,i,lf.r if , th..r.m«hlv 
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Landau, ForZe^mgen, ii, Kap. 11 The simU fnoiMl in loyimon vlu r* *»r 

progressions, at the end of t^ pasaamrmmrn prhw^^i m HnthmrH ind 

§2.2. For the series (2 TiTr n T/’’"'" 

Selehah (6), 2 (1884:), "S6:3oV(2ir2»5T 
.fetor the history of f2 2 5>\ at-.^ /«* e% 

Prime Number theorem' couid bo Suo^l ST2 2'2TT''t’ *’“* 

{4^4,2} hy eleiooiit iiry reiwtining 
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(that is to say by reasoning independent of the theory of functions of a complex 
variable) was first proved by Landau, Wiener Sitzungsherichte, 120 (1911), 973—988; 
the Handhuch contains only a deduction from (2.2,3). 

According to Soldner, li r*; = 0 for x = 1*4513692346..., and it seems probable that 
this is the real value of Ramanujan’s c. 

For (2.2.5) see Bromwich, Infinite series, ed. 2, 334. 

To prove (2.2.7) we observe that 


( 1 ) 


h{-y)^ 1 + S 


n,n\ ^{n + 1) 


m m ^ n.nl \mf 

^ Jo ~ 


= 1-S 


du 


” ^ U 0 w 


dw-f-logm) 


say, by (2.2.3). Now 

,\^(2/,m)~;\;(3/,m + l) 


=-J, 

=J. 


l-e-« 


say. If we write 


2//(w4-1) 
j//m e“* 

i//(w4-l) 


1 ^ 


- du ~ log 


m 

m+ 1 


-dw = a>(2/,m). 


and transform the last series in (1) by partial summation, we obtain 

A( — 2 /) = S g(m) 0 }(y, m). 


Now it is known that 

( 2 ) 


and 


0<oj{y, m) 


mH- 1 


2 / 


"m(m4-l) y 
Hence the series is majorised by a multiple of 




S = , 

m(logm)^ 

and is uniformly convergent for all y. Finally, all of its terms tend to 0. 

For (2), and much stronger results, see Landau, Handhuch, 

For the proof of (2.2.8) see Hardy (3). 

§ 2.3. For (2.3.3), which is true on the Riemann Hypothesis, see Ingham, 83 
(Theorem 30) or Landau, Handhuch, 378-388. I^or the falsity of (2.3.4), which is 
much easier to prove than that of (2.3.5) or the other false assertions of § 2.3, sea 
Ingham, 90 (Theorem 32) or Landau, Handhuch, 711—719. 

To deduce (2.3.4) from (2.3.2), observe that 


i2(a?)-lia; + ilia;* = O S 


^ (logo?) 


:0{, 


1 « 


Im^j 


logx S 






= 0(x^ log x). 
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Rmnanvjan and the theurn of 


The table is extracted from the much tmn'o t-mnpn^lu^nMvt' tnio iii !>. 4 V. Lishtm^r’s 
Z/ist of prime nu^nbersfrom I to ll),0t)0»72l ( t>u, UH4)* except for t.lie valutas 
of li 10** and li 10^ which I have taken from laghaau I'he Vfihi<« af /r(.r) art^ leas by 1 
than Lehmer’s, sinco ho counts 1 as a pnm<»* Thost^ latytuid Ilic rauL-ji^ of f.ho factor 
tables were found by Moisscl in a K<HrioH of paptu’s in the Math. Annuli'.n, of which tlio 
latest appeared in vol. 25 (1885), 251-257, and aftorwards conhnnoti l>y Hcrtointai. 
MeissePs method is an elaboration of t-ho *sicvir of I*h'aU>Ht heuen : Mathews, 

ch. 10. There is an account of BorkdserpH work in a paper by ( Jraiu, .>lcta Math. 17 
(1893), 301-314. 

There is a long and mton^Btinp; (\ssay ou th<*s<>> topies in tls' introduidion to 
J. Glaisher’s Factor table for the sixth mllUon. (London 1883)* Tt>n*lli's i»iouofj:ra.f>h 
Sulla totality dei numeri prifni Jino ad tm Imiite nssetjnato (Naph's 1901) alst) «H>ntains 
much interesting informatioti. 

§ 2.4. There are proofs of Tohobychern theoronipi m Inghain, in b«>th of Lan<lau*s 
books, and in Hardy and Wright, cli, 22. 


§§ 2 . 6 — 2.7. There is no proof of tin,’) Fi'iun^ Number Tlu’oreut auywheri' in this 
book, though §§ 2 . 6 — 2.7 contain a skoteh of Landau’s proof, whi<fh is Himpha* thati the 
original proofs of Hadamard and do la Valloo Poussin, 'fo compItUe it, we must 
prove that 


( 1 ) 


ai+U) 




for an oc less than 1 . This natiu'ally x>rosup|)OHeH (2.7.6), which is |>rovc<L in two 
different ways, in Loctiu’o IV (A). The stronger px^opositien ( I ) <tan Ixs provtHi by a 
development of the iirat proof (Hadarnard’s) of ( 2 . 7.(5). 

Both Ingham’s tract and Landau’s Handfmch contain {a) tln^ simijicHt proofs of 
the Prime Number Theorem (apart from Wiener’s i>roof rtdlnTvHl t.o in § 2 . 8 ) and 
( 6 ) more elaborate proofs of much stronger theor^ans. 

A ‘Tauberian’ theorem may bo dohned ixb the coxTccted form of the false con- 
verse of an ‘Abelian’ theorem. An ‘Abelian’ theonan that, if a setiutuuso or 

funotion behaves regularly, then some average of it behaves r<^gidarly. Thus 

.<4(:i;)'^a' 


implies A^ix) = dt ~ : 

this Abelian theorem is true for any A{x) and in part-i<uitur for (.he A(x} of t he text. 
The converse is false, but becoxnes true wh<in wo subject A{x) to an appropriuto 
additional condition, here implied by ( 2 . 6 . 3 ). 

The first Tauberian theorem was Tauber’s converBii of Abel’s thoonun on the coxx- 
tmuity of power series: see, for example, Bromwich, Infinite series, ed. 2, 256. Binc(^ 




Cip "h •+■ aj_) X -4* {a^^ 4* ai -f- a^) a*® Hh . . . 
1 +a7 4-a;^'4- ... 


the limit of the series is the limit of a certain average of a^, ap 4 * 4 - - • • * 

called Wiener’s proof of the Prime Number Th< ,H>reui is the 
Wiener-Ikehara :^oof, contained in §§ 19 et aeq. of Wiener’s The Fourier inteqnd 
(Cambridge 1933). There is a quit© different proof in §§ 17-18. 

The proof has been much simplified by Boohnor, Math. Zeltsehrft, 37 (1933), 1-9 
and Landau, BerUner Suzungsherichte (1932), 514-621. Landau’s vci'sion embodies 
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the shortest extant proof of the Prime Nxxmber Theorem, but has not yot appoarod 
in any book. The version in my lithographed lectures on ‘Ramanujan’s work’ 
(Institute for advanced study, 1936) is substantially Bochner’s. 

For the ‘Hardy-Littlewood’ proof see Quarterly Journal of Math. 46 (1915), 
215-219 or Acta Math. 41 (1918), 119-196 (127-134). The simplest proof of our 
Tauberian theorem is that given by Karamata in Math. Zeitschrift, 32 (1930), 319- 
320. 

§2.10. For the summability of log 2—log 3 + ... see Bromwich, Infinite series, 
ed. 1, 351. 

§ 2.11. The argument towards the end of the section was suggested to mo many 
years ago by Prof. Maclagan Wedderburn. See Hardy, Quarterly Journal of Math^ 
38 (1907), 269-288 (277). 

The formula (2.11.2) may be deduced by differentiation from the last formula on 
p. 283 of this paper (in which the sign of the last term should be changed). 

Ramanujan, when I disputed the truth of his statement, produced the amended 
formula 

V2(j/)+log 2^1-^+^- = 1 + J?’(2/), 

where yF{y) = -0000098844 cos (-- y -872811 1 

\ log 2 / 

correct to 10 places of decimals’. This takes account explicitly of the terms in which 
= + !• 

§ 2,12. The proofs of the ‘explicit formulae’ are given in Ingham, ch. 4 and 
Landau, Handbuch, Kap. 19. Riemann’s own argument is reproduced in Mathews, 
oh. 10, 

For the Mobius inversion formulae see Hardy and Wright, 234r--237, or Landau, 
Handbuch, 577-580. 

§ 2.14. Ramanujan seems to have started his own theory of divergent series with 
series of positive terms, such as 

1 -^ 4 . 2 “-«+ 3 -«+... (s<1) 

and to have ‘ defined ’ the sum of such a series as the constant of the Euler -Maolaurin 
sum formula. But he was not in the habit of giving strict ‘definitions’. 
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ROUND NUMBKRS 


3.1, A minilwr in dDHurilH^i in jiMpulur !du‘/d,u-D' ^>4 r*>uml if it in lliti 

ptod'uct of li titiiiifiur ot **13.’ liirifull tii.iiHri4, I hiifi 

1200 = 2^, 3- would oiwtftiidy bo riilbni riuoul. Tbo loitolior *iiH 7 -fv, 3" 
even rounder, but thin in i»lmrurod by ibo flouiioiit ii*»f iitioii. 

It m a matter of eoinimni ohht^rirfitioii iiiHi rnumi n timin ' firr rmj mm; 
the lact may ,ba veritied by anyone wini udl inato* a habit of boiorij^ini*; 
numbetB^ sueli an numberH of inoior'uani or raih^ay nliiuh am 

presented to bin atientbm in a nuidoiu manner, Bofh It.uoanuj.'Ui and I 
had observed tliis plK'Uornenom wlui*b atHUUH at br,H.t a little paradt »\ieal/ 
and were curioun about its matlieinatieal uvplanatino. 

We therefore propoHiai to ournelveH the |iroldfnu ot t!«“trriiiiniiu': t!n^ 
‘‘normal degree of compoHitenoHH '* of a number a . limt* tmnpti/ prt mt 
may one ex-perl to oreur in a mmlom luryt numht r n i 

3 . 2 . It itt natural tt> meaHure ilm ^'eonipoHif.eueHB '* tif a numbin' by tlie 
number of its prime faetorn; and we may eount thw in tn-o diflereni wayB, 
according as we count multiple faeiorH multiply or not . Suppo;ie that 

(3.2 J) % « fit p5f* . . , H f}% 

I 

where Pi<Pt< *•*< IV* 

is the standard expression of it m a produei of primes. Ilien 

(3.2.2) f{n) ^ P 

is the number of different primd facU>rH of n, and 

(3.2.3) F{n)^^ 

X 

is the total number of prim^* factors wlien nuiliijdo faettirs are eoniitod 
multiply; and either of these functions may be adopted m a nieasiiri* of t-be 
compositeness ofn. We shall find that it makes no import ant diflereiteetvhieh 
measure we adopt, and for the moment 1 consider /(/i ). 

Half the umnbers are divisible by 2, ometlurti by 3, ono^sixtb by brU li 2 iwttl 3# anti 
m on. Surely then we may expect most numbeiw to havt'* a ktrge of fiuUfOW f 

But the facts seem to show the opposite/* 
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3.3. It is clear that/(7^) cannot be “very large’’. The worst, or roundest, 
numbers, those for which f{n) is largest compared with n, are the numbers 

n = 2.3.5 

which are products of the first v primes. For these numbers 


fin) = r = 7r(pJ, 

and log = S 

Now 


(3.3.1) 


^I'log V < 5 ?^ < Bv log V, 


for constant A and B, and so 
Hence 


log^?, -log 


(3.3.2) 


V =f{n) = logw 


Hp.) 


log??. 

iog^ 


log'W. 
log*' ’ 


and .~J^. 

log log n 

Thus a large number n cannot have more than about this number of prime 
factors. A number about 10"^, the limit of the tables, cannot have more than 
about 6 or 7, and a number about 10®®, i.e. about the Eddington number, 
cannot have more than about 30. 

The total number of prime factors may be a good deal larger; thus 10®® 
has 1 60, and n = 2^ has 

log n 

logs* 

Here there is a big difference between /(?^) and Fin), but we shall see that 
this is exceptional. 


3,4. The theorem just proved about /(? 2 ,) is a theorem about all numbers, 
and we are concerned with (in some sense) “almost all”. The function 

log 72* 
log log n 

increases slowly, but by no means so slowly as to explain the facts. We 
find, if we try numbers at random from near the end of the factor tables, 
that/(7^) is usually not 7 or 8 but 3 or 4; and we should find, if the tables 
could be extended to the limits of the Eddington number, that it was usually 
not about 30 but about 5 or 6. A number like the Skewes number^ would 
generally have about the Eddington number of factors (and that may help 
us to form some image of its size). 

^ See hecture I, p. 17. 


PI R 


4 
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Htjjaitl nHmlmr.s 


Wo need a doliiiition t»f uil*', Snp|iMs>‘ that /' |iru|ii*rtv of 

a mimber ‘M ce\f)rrssoti by a imqnnattuti tfau .Vi,.r| i'-. tin* uninl^vr of 

!Ujnil)(‘rs, up to .i\ for u hit*h /^(//| fat, ho; and that 

*Vpr) o|jj. 

Than wo nay that '‘alnawt all ntunbrr.s pn.MMe^-* flit^ firt»|MUly /*”. Moii^lily, 
tbo proi)ori.iou of ional h in intiutti-aniaL 

The auMWor to tnir pnddeni j.h t hat nim/^si till n umh-r^s n hivf tthtm! h,»g fug u 
prinuifactom. More exaefly, ^iven e. thon nimtmi nit hnrt htimrn 

(1 — fi) log log 71 mid (I io.) hig log n 1‘he' f hot »roiii i.M true whittle, 

ever way wo tnoaHure Ihe number ol lartors, an<l. loi lihitll m‘e. it t^yi 
bo stated still more pn»i‘lHtdy. 

3,5. Tlio function kjgitjg/t is HUggented in autU Iter \ui\ . We liavt* 

■■ i: i: I i: i/ 

the summation being t^xttuidt'd cu'er ail prinrea p aiel |io:'»ifive tntO'gefjHi m 
satisfying the iiuMtualit y : anti wlnui ut^num uith respori tt# m uetibtain 


(3.6.1) 

or 

nuj' P-./L/Lh 


(3.5.2) 

s/(«) X V L 





since the removal of a Bcpiare brac*kt*t invoIvt'H an tu i or t »l 

' i at rai‘Mt 

(3.6.3) 

and therefore 

X * ' loglug.*- i /.ttl). 
l>z.rP 


(3.6.4) 

1) /('«) « xIogIi)g,r ! />(.r). 

W Site JT 



- V V I ^ V I 

and extending over primen p .ukI poHitive integ.-i-H // lui.l >«). 


(3.5.6) S F{n) = S Li 
«Sa P-«aaLj>^_ 

and 






pip i) 


i^ln means j) divides n ’, so ‘hat SI imijliw eomitii.K J for ..v-ry prim.. <livjH..r 

o n Similarly S I implies counting 1 for every prim., ,>r ix,w-.-r .,f a prim., which 
divides n. * i 
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Hence we have also 

(3.5.7) F{n) — xloglogx + 0{x), 

In particular 

(3.5.8) f{n)'^xloglogx, S F{n) ^ xloglogx . 

n^x n^x 

Now if (f>{n) is some simple increasing function, and 

g{2) + g{3) + . .. -hgin) <^<f>{2) -f ^(3) 4- .. . + ^(?^)/ 
then it is natural to say that ^"the average order of g{n) is 4>{n) And since 
log log 2 + ... -hlog logU'^-nlog log n, 
the average order of both/(n) and F{n) is log log ti. 

3.6. This is an interesting theorem, but quite diJBferent from the one we 
want to prove. We want to prove that f{n) and F{n) are usually about 
loglog9^. If g{n) is logp log log p when ^ is a prime p, and 0 otherwise, then 

S g{n) = S logp loglogp-iijlogloga;,® 

n'^x 

and the average order of g{rC) is still log log but g{7b) is usually 0 (since 
^‘'almost all” numbers are composite), so that the normal order of g{n) is 0. 
In our problem the average and the normal orders happen to be the same, 
but that is a peculiarity of the problem. 


3.7. There are two proofs of our theorem, our original proof and another 
given much later by Turan. Turan’s proof is very simple and elegant, and 
I will give it later; but I insert first a sketch of the original proof, which is 
in some ways more suggestive. 

We need only consider one of the two functions, say /(^^). Tor F{n) ^f(n) 
and, by (3.5.6), 

+ [f] + ...)< 

for some C. If N(x) is the number of numbers up to x for which 

-^(^) -/(^) > 


then 


N{x) O 

X ^G’ 


^ Or g{l) + . . . + g(n) <^(1) + . . . + . We start from 2 here because log log n is not 

defined for n == 1. 

^ Since 'd'{x) = S logp'^a; 

and the factor loglogp adds an additional log log £» 
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tiuupHi HUiPihrrs 


wliicili 1 h Hiuall wIh^ii U au«i thi- <4' faiiatHa'K t'^r whit-ii 

F{n)---J{n) >XW^ } h-i nti\ Uttv l i*tfi ..'? u uaTi'a-.*-, Im iuliaitv, 

in o(a;). in tiiin Haiisa /|/0 in iiiniM i aluav'" I»m!hh i^ii 

W(^ <H>nline nur al 14,111 , than, Hiaf ri 'i, ifa- auitihar 

of nuinlnn’K,, Hat t‘\<“f(‘ilinr' j\ inr uiu* h / ja j ‘rii* n 


(3.7.1) 

More ^(MK^rally, it. in known that 


(3.7.2) - ■' ' ', 

Io)4.r {r ■ t,|‘ 

Now 

l‘^:l " i ^ * ,,. 

and 

(3.7.4) a: = ^ •'' | j ^ f ^ , ,. . . ' . | 

logx Ioga‘* :l** {r {j‘ *’ 

wiioro 

(3.7.5) ^ iogit 

and (3.7,2) indioatoH a C!ta*tain Hiinilarity la'Iuoou Oitrro.HiHjndnij,,*- forntn of 
tbo two 8GricB. i ho similarity i*aiintit, oi atHu;a<*, t<»o rhi ti\ .Hinro fltf» flrnt 
series terminatcJH; but 4:<irr<‘spt>ii<lin‘.': <d livtai rank aro aHvin|niiti<*iilly 

equivalent when z-^ocj. 

The largest term in the Heiim 

r*i fr I 

1 4 , y ^ 

t(r t)! 

is that for which f = [g] 4. i.> vVo writo (3.7.4) hh 

^ .V. * ‘ ;»■ .. ■ 


(3.7.6) 


a; = -.5 y ■»■ V. ’ 

l<>g*T(r- 1)! " k.gj-7 (igj , lyr 


H assuming both positive ami nogativti vhIuch. By Stirling ' ’h hinimlii 

M '» ,4 

(tS]+A — 1)! ‘‘ ^ 

is faixly small compared with g. Hcm-o the right-ium.l h«I«> ..f (.3.7.4) 

may be compared with 

(3.7.7) ^1 • .. . , 


or with 


m r«^ 


e == a; 


There arc two equal towns wh.sn g is «>. i«.t..«<.r. 
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and the part of this integral for which t is of higher order than is negligible. 
Thus practically all of the sum of (3.7.4) is contributed by the terms for 
which II is It is natural to suppose that the same must be true of the 

series (3.7.3); that practically all of its sum comes from the terms in which 


\ = |r-loglog,x| 
is 0(V£) = 0{^{loglogx)}. 

This, as we shall see in a moment, would prove our theorem and a good deal 
more. 

The argument is, as it stands, rough and inconclusive. We have to prove 
that we can neglect most of the terms o)^{x) in the series (3.7.3), and for this 
we need inequalities instead of asymptotic equalities. But these can be 
found without much difficulty, and the conclusion is that, if 
function of x such that 

> 00 

V(iogloga;) ^ 

then almost all numbers not exceeding x have between 


log log X ± x^^) 


prime factors. Since log log x and log log n are practically indistinguishable 
over most of the range it is the same thing to say that almost all 

numbers n have between 


prime factors. 


loglogn±x{n) 


3.8. There is one remark to add before I pass to Turan’s proof of the 
theorem. The asymptotic formulae (3.7.2) are corollaries of the Prime 
Number Theorem; but the final proof is “elementary”. We have to show 
that the “tails” of the series (3.7.3) are negligible, and for this we use an 
inequality 


(3.8,1) 


(jL>j.{x) < A 


X (log log x-{-C )^~^ 
logx (r— 1)! 


where A and G are independent of both x and r. The proof of this depends 
on Tchebychef ’s inequality 


7t{x) < A 


X 

\ogx’ 


and does not require the Prime Number Theorem. 


If 0 < c < 1 and x^<n<x^ then log log n lies between 

log (clog a;) = loglogic — log(l/c) 


and log log aj. 
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3.9. T urttu’n pniuf af* t hf* thi-MrtMn mu iIj** i* l<’iif if h-.s 

(3.9.1) V .. V \ '\ ^ V 

To prove (3JK1)» we oleser\e flint the h4"i hjiiei o*lr i i 

li: (i: j i: i) r t v j - i: i, 

ni^-x\pln p‘'jt , e**’ 4 ' . ^*1 ► y. . . 

are pritnen, w and// iioy poniti^e and the^ ranveH tildituu. 

mation aro iiHlii'aied by Ibe j>itifiHrripf rt. Sumniiop fb«t mihih firat \Uth 
roBpcct to ji aini we obfain flu* roMtdt . 

Now wo havo netm in §3.5 I bat. 

(3.0.2) f(H} ’ V [ •'■ I .r 

nux ia,./L/y| 

Also V 1 ,/• V ^ y 

we may drop tlio roHlrletioii p j //" laa-air'^e 2p ^ in eian eryind . liul 

(3-9-3) ( n: ‘V'-, V ’, - ( V 

since p and p' j; ^/j; imply p// ■ .r. im.l pp ■ .,■ ititpii<-s p ■ x himI // «: x; 
and each of the two extreitio teriun in {U.U.d) in 

{Ioglogx+0(l)P (l<)gl.*gx)» 1 ('nh.ph.Kx). 

Hence 

(3.9.4) I' - I “= •f{!‘'>: log j-)® ( <'/(xhi|.' !it]t^ .i); 

mp'HT.p+i/LPP J 

and it follows from (3.9.1), (3.9.2) and (3.9.4) that 

(3.9.6) 2 {f{n)}^ = fl:(l«g Ing.r)» f a(.r hig x). 

nfix 

Finally, writing g for log log x, as in (.3.7.6). wo havn 

f/{" )} f e i: I 

=■ »{€* + 0(g)} - 2g4;{g + 0( t )} I g3f X f- (^>( I j| 

= 0(xi}. 

hy (3.9.2) and (3.9.6). But if 

|/(n)-gl >,\-(*) 

for more than Sx of the n less than x, then 

wU^nt,»Uot. (3.t,.6) if ; I, of l,ieh„ ordor tl„... u.i. t,,„ 
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3.10. There is a curious corollary about d(n), the number of divisors of 
It is familiar that 

d{l) + d{2) + ... ~ird{n) '-•-nlogn, 

so that the average order of d{n) is log?^. What is its normal order? 

If then 

(3.10.1) f{n) = V, Fin) = Fa,,, d(n) = 77(1 + a^). 

Also 2^1 + a^2«. 

Hence 

(3.10.2) 2^ <77(1 + a^) < 2^% 
or 

(3.10.3) 2/<^)^d(^)^ 2^(^). 

Since /(?^) and Fin) are both usually about loglog ?^5 it follows that din) is 
usually about 

(3.10.4) ^ ilogn)^og2 ^ (log72,)0‘6--*. 

We cannot quite say that "'the normal order of din) is since the 

inequalities which we prove for din) are of a much less precise type than 
those which we prove for fin),^ but we can say, more roughly, that the 
normal order of din) is “about 

In this case the normal and average orders do not agree; din) is usually 
much below its average order. The explanation is simple; din) is too irregular. 
Most numbers have about divisors, but some have a very much 

larger number, so much larger that these abnormal numbers dominate the 
average of din). The irregularities of fin) and Fin) are not strong enough to 
produce a similar effect. 

It is natural to put the same question about rin), the number of repre- 
sentations of as a sum of two squares; but in this case the answer is 
immediate. Since 

r ( 1 ) -h r (2) -H . . . + rin) ^ nn, 

the average order of rin) is tt. The normal order, on the other hand, is 0, 
since most numbers are not representable.^ 


^ Of the type 


2 iogiofif n— x(”> < d{n) < 


The normal order of logd(n) is 

log 2 log log n.. 


Only about 


Ax 


of the first x numbers are representable. See Lecture IV (B). For the average order, 
see Lecture V, § 5.1. 
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linutui nittn/n r.s 

3.11. I by »ni-nli..nin!< ii .-..tij, ,i m.- hIji'Ii I ntiiii.- in mul 

which haH Hilled Ihhui jirovffi, imii-f.i-n. itui J> , In linl. et Hn.i 1‘iUdi, 

The iiHvniiiftilir furmuiu (a. 7.;.!) i, trur bir in.-rv r. un.l it j,.( imtiimi 

to HuppoHC that it. w aim > (rue « heii r a tuu> ti..u ..f .r » hirl, ten.b, t,, iuli„i(,y 

suilicioiitly hIowIv. If it. lielii bir 

r liiy .< ), 

thon a aimplo npplieatidii ofSt irliny’., ihet.reiu wmiitl five 

I X 

and at any rate wo iniglit lutjw tt» pr<n «■ t hat 


( 3 . 11 . 1 ) 




.f.r 


.r) 

for some positive A. The v 

,Lr 




he*' X) 


(for some .d.) is a trivial wrollary of All t hat I rtmld finn-e. It.nvovor, 

when I made the conjocturt!, wiih tlial. ’ 


M^(X) > 


A .!• 
(hi)' hiK 


Erdos and Pillai have now provwl (.'(.H.t). an«l indn-d that thi- iae.nialitv 
IS true for * 

logloga:-ilyf(k)glof'ar)<r^- h.j'loj'j'- t /t 

and Pillai has proved a good doa! moro, vi/.. that , if n . k . t h,,,, 


for 


log a; (r-!)! 
r S A-{log log X - ( 




NOTES ON LKl'TUHl.; HI 

Journal of Math. 48 ( 1917 ^ ^^ 9 ^ Haniy and Haiiiuiiiijan. Qttiirtrrfy 

preliminary account;. *“’■ *■>»> Ill#, 3 !^" a 

a simplificatioa suggested by papitr I, W<i hiivt^ int'orjioraiiHl 

and Wright, J r.,.r,-.lu,...a in Hardy 

/ as provou aovoral goiMwalwations of Ur. Uiw.nnu. 
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§ 3.3. The inequalities (3.3.1) and the asymptotic relation 


7r(x)'' 


d-ix) 
log X 


can be proved by ‘elementary’ reasoning. See for example Hardy and Wright, 
ch. 22, and Lecture II. 

For (3.5.3), and sharper results, see Hardy and Wright, ch. 22 j Ingham, 22-24; 
Landau, Handhuch, 100-102. The slightly sharper result 


S i = logloga?+.4 + o(l) 

(with the proper value of -4) is equivalent to Mertens’s theorem 



where y is Euler’s constant. 


It is almost as easy to prove the more precise equations 


S /(n) ==rr logloga;4--4a? + 0(r--^|, S F(w) = a; log log + + 

yoga?; 


where B = + , 

p(p~l) 

These equations are stated in § 1.2(3) of the joint paper referred to in the first of 
these notes. 

§ 3.7. For (3.7.2) see Landau, Handhuch, 203-213. 

§ 3.10. The maximum order of d(n) is roughly 

logn 

2loglogn^ 

This was jQrst proved by Wigert : see Landau, Handhuch, 219-222. Wigert and Landau 
use the Prime Humber Theorem in the proof, but Ramanujan (Papers, 85-86) 
showed that this was unnecessary. 

§ 3.11. See p. 5 of my lithographed lectures referred to in the note on § 2.8 (p. 47). 
The proofs of Erdos and Pillai have not yet been published. 
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SOMK MOHK IMMMU.KMS OF 'rUF. 
AXALVTK' THl-;of{\‘ OF XFMHFHS 

4/1, In IliiM Inrt urn I rotnru Im iho n|' fhr an^Ivtitt 

tluun*y nf iniinlinrH. Itn Funirat iiro iniMooll.'UirMtn* nad rather 
but IniViUi ilin/iu! af unilv' lnn.'iiUH** uiM-tt *4 tboin aio ,*'tnyi/o' 4 r»i by tho.-^iMif 
Kiunimiijaibi4 IniInrM. I by n uu a tM|tir- ahani wltifh 

’H.amaniijfin Halt! natbinii, btit tt* abirb 1 fi"li'rrr«i in l,i-rUm* II. 

A 

The prmf that fb^) n*t if I 

4,2, TliU priirin niiinbrr Iftuarnnt alanf I ha fbiniram flint 

(^•^-1) <(1 ! l/l « U, 

in. tho Bomcj that no diM*j'M*r at' ara r*o|itira»l tbr fha pruiif, 

Tho Btriot otiuivaliniFO apfM^arH anly wbou v^a unr Wiruar’H nitOhud, but 
(4,2.1) ia eHHtntiial in any vt*n4utii. 'rba Himnianf firaiU' tif f 4.2.1) in 
HadaiuarcrK, but them in an alUTuativ#^ pronto <luo to hudniin, whi<4t 
is intoroBting in itself inal ri4evant hen* bm *anHt^ it ilepeini't on one nf 
RamainijaifH formuliMtu 

Hadamani’a proof (lojimtiH on a Bttn[ile Irigonoiuet rieal inetja.ilif y, vi/,. 
(4.2.2) 3 >b 4 (JOB /i -I" eoH 2// ■ 2( t i eos/i)^ "0 

(for all real (?)• We we tlii« m hdlowH. By foriiiiiliii 

log^e) 2 ’Iok j J. , - l)> • I 

where /(«) is regular for <r a I (and iu<itH«l Idr > J ). 1 1, .»«•.» 
log 1 + it) I ai fli " « (, t) 

w Ip" ^eoH(|#hig/} f giffj}, 

l>ounded. for any fix<*d f, whon rr . } . 

It follows that, if we write 

Xio-, t) = log I ^{tr) C*i<r ^ it) ^{tr i iit) | , 
and continue to use g{<r, t) in the same houhc. then 

X{<r, t) = + 4 cos {t log^j) + cos (2i: log p)} | () ; 
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and therefore (since the terms of the series are positive) 

(4.2.3) 

where A{t) is independent of <r, when cr-> 1. 

We now fix t. If ^{1 + ii) — 0, 

then + = C(l + ^^ + cr— 1) = {(T^lYh{cr,t), 

where Z; is a positive integer and logA(cr, ^) is bounded when cr->l; and 
therefore 

log| + I < -*log^^ + ^(i) 
when cr-> 1. Also log | ^(cr+ 2^^) | <A{t) 

and log 1 C(cr) I <log^:£-Y+^, 

where A is constant. Thus 

X(a-, i ) < (3 - 4&) log 4- ^ ^ - 00 , 

in contradiction to (4.2.3). 


4.3. Ingham’s proof depends on a formula published by Ramanujan in 
1915, viz. 

^4 3 1 ^ f(«\ - r _ C(g) g(g -a)Z{s-b)C(s-a- b) 

(4.3.1) /(s) 27 - ^(2s-a-b) 

where c^^(9^) is the sum of the a-th powers of the divisors of n, and 
^Rs, 9t(s — a), f)t(5 — 6), 9^(5 — a —6) 

are all greater than 1. In particular 

(4 3 2) 

^ ^ C(2s) 

for cr > 1 . 

To prove (4.3.1) we observe that 

X(n) = (r„(n.) cr^{n) 
is “multiplicative”, i.e. that 

Xinn') = xin) x(^') 
for coprime n and n'. Hence 

(4.3.3) f(a) - nUs). 

where p runs through the primes, 
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This formula b vnliil, iii fh«^ tirni 

^ t* 

»r ff 

i , 

III if fiA 

1 i-4 f'lri^ndar for 

<T> J, sinee the tlmihlt* poh* **f 

i»#r 41 


1 , IH 

k I'iin 

♦ rlh^d 1 

H flir 

/.rroH of 

— anti 4iV); tiini the ***M4h*’ 

"ivlltH 

in 

t hf* 


n air pi 

lAitiirr, 

limiw, 

by a well-know‘n iheortuii «d* fonuhin. 

t hf* 

H’ii 

’.H $H ! 

‘mU \ ' 

*oyfyit , 

and rt*: 

|if’i*Heiitrt 

f(e), for cr> |, and in pirtimlar wh* 

Hi S - 

i > 

s ^ 

1 , I'lnm 



for 0. On tlie other liatnl 

.. a I ♦ 

when and all three fm^iurm in the iinnirriitt»r i»f | '1.11,41 art* inniiitlfHl; 
80 that 

.u. 

The contradiction showa that Ci 1 1- *>) 4^ o fnr any pmit ivt* r . 

B 

The number of numbers which are suj$m tf twn mimm'Ji 

4,4!, The asseiftion which T numl)f*r<*d (1 , 15 ) in mv int rtniuc t f uy tnc^ wan 

the nnmber of nnmbem between A anti x wlitfh are tnthrr j 4 t|yari?rt or 
sums of two squares is 

0 764.,, and &{x) m very small r<>injjam,| ^vilii the 
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It is immaterial whether we include actual squares or not. Ramanujan 
later (i) gave the exact value of K, viz. 

where r runs through the primes 4m + 3, and (ii) stated that d{x) is of order 

J{^)' 

We shall see that this last assertion is false. 

4.5. This problem was solved by Landau in 1908. The solution is very 
interesting because it depends on the application of the classical methods 
of prime number theory to a function with an algebraical singularity. 

We denote primes 4m + 1 and 4m + 3 by q and r respectively. In order 
that n should be a sum of two squares it is necessary and sufficient that 

n ~ 

where /i is a product of primes q and v a product of primes r. If we define 
as 1 when n is a sum of two squares, and 0 otherwise, then is 1 when 

n = 2^nq^nr^, 


and 


Also 


and 

so that 


(4.5.1) 

{/(s)}2 = i/r{s) C(s) L{s), 

where 


(4.5.2) 



It is plain that 'ijr{s) is regular, and has no zeros, for cr > As regards the 
other factors in (4.5.1), L{s) is an integral function, whose value for ^ = 1 
is Jtt, while ^{s) is regular except for its pole a>t s = 1. It is also known that 
neither ^(s) nor L{s) vanishes in a region D, stretching to the left of cr = 1, 
of type ^ 

0{(logi#m 


Finally, ^(s) and L{s) are 
for large f in D. 



02 Sfifin' His nf 

It |ulltn.V'H Hull /(-J ,• I. 

tj{N) in ii't iiuH 

!/(ii ' ,)!' 


4.a. tr 


iil .i J 


h 


/!»*)’ *ii 


tlifii if{x} IH tlit» numhur mI up f 

('*■<*■•) />•*(.<■) i:' * I ‘ 

« - , -fn , 

for r> 12 Wv hiivi* tu tn^nt tht-n iuf»-^uul fi*r 
HU'iiio tiorivotl mt4%rnl^ hh llu^ 

iniogml for in Lurfiir*^ II. 

Igivoa rougli^o^trlt i*f II irhu'lt ii'Uiv 

be^ oompart^i with tbr Hp|a*.t\inuit:it»u'' 

(§ 2.5) to tiu* proof of tiio HiJiou ,\uii.itior 
Thaoreju. "llirmirot w oiinpi.i t.oii iltiburiu *- u 
*'.rho integral {4Jblj ia nmuh ai miji* 

way, Hhic*o thisra in ihi ytrta ftiiuaiMfi in fhu 
deiioii[unat4>r; but titr iuti^gnMni Iui.h iui iibu* 
braits .singuIarH\‘ binto^ul at' n pulu, Ibuu r 
B*{x) will Im appruKtinaiod nut fiy a roMuiuu 
but by a kK>|> bitrgral round I. Wr luuHt 
transform tbu path of inti-u'iitiou iulM a path 
of the iyim O (Fig. 1 ), ami unr Hpprt>\liiiaf iri'' 
funotion will be 


j* , anti 




■wiiere 

(4.6.3) 




J 

l)i« 





A(«) - I j) , i)i , 


If W 0 treat h{s) as 1 , we obtain 


K p 
1 




,dn 


K x f r‘ 


r/i/ , 


which is practically 


ixx f 

J%x 

The star aad M have tho «a,n„ i,t § 2..-,. 
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And the argument, when properly developed, will show that 

(4.6.4) B{x) = {l +iog^ + (iog^a:)a+ •••} ’ 

the series being an asymptotic series in Poincare’s sense. This is effectively 
Landau’s result, though he does not push the analysis so far. 


4.7. Now 
(4.7.1) 


^ dt Kx ) 

jA'^Qogt) ~ ’''loga:‘'"(loga;)2'^"'j ’ 


the series being again asymptotic. Thus Ramanujan’s result is, apart from 
the 6{x)^ of the same form as (4.6.4); but the coefficients in the two series 
are not the same.^ Those in (4.6,4) depend, in a rather intricate way, on the 
coefficients <^ 2 , ... in (4.6.3). The integral (4.7.1) has no advantage as an 
approximation over the first term of the series (4.6.4), and Ramanujan’s 
assertion (15), though true as it stands, is definitely misleading. He was 
misled, not unnaturally, by the analogy with the Prime Number Theorem, 
in which the logarithm integral liic is a significant and a particularly good 
approximation. 

It remains true that 

T>/ X 


and it would be very interesting to know just how Ramanujan came to this 
conclusion. It seems clear, from the form of K, that he used the formula 
(4,5.1). The rest of his argument was no doubt highly speculative. 


4.8. Ramanujan made a similar mistake later in an unpublished manu- 
script which was examined after his death by Miss Stanley, Watson, and 
myself. Ramanujan’s function r{n)^ is almost always” divisible by 5. 
More precisely, if = 0 when T(n) is divisible by 5, = 1 otherwise, and 

T(x) == S t,,, 

then T(x)~C ~ ^ 

(log*)* 

for a certain G. Here again Ramanujan was under the misapprehension 

was a much better approximation. 

^ In fact /?! =f= £%3 l. 


See Lecture X- 
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. - lim . , tk 
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the analytic theory of numbers 

and 

_ lY. !>“(») I-M^) 

But 

1 

?(s) 

and 

II 

1—1 

+ 

II , 
iCjcTY 

Hence 



for 5 > 1, and (4.9.4) and (4.9.6) are particular cases. 

The theorem (4.9.3) lies deeper, and depends on (4.9.2). If we define 
Q(x) and V(x) as we defined U{x):, then 

Q{x) = U{x) + V{x) 
and M(x) == V(x)--ZT{x), 

It is quite easy to prove that 

and (4.9.3) then follows from (4.9.2). Thus Ramanujan’s assertion here is 
just of the same ""depth” as the Prime Number Theorem. 


NOTES ON TECTURE IV 


§ 4.2. Hadamard’s proof can be developed so as to show that ^{s) has no zeros, 
and indeed 


m a region 


■{log(| i 1+2)}^- 


Here the A are appropriate positive constants. See Landan, Handbuch, 169—180. 

Ingham’s proof was published in his paper 2. It can be applied to all Eiriohlet’s 
“jL - functions”, and in particular to 


i(s) =l---3-«+5-«-...; 


but it cannot be developed in the same way as Hadamard’s. 

§ 4.3. The formula (4.3.1). is stated in the Papers, 135 (15). There is a proof in 
B. M. Wilson (1). 

Eor (4.3.3) see, for example, lEIardy and Wright, 247—248. 

Eandau’s theorem was published in Math. Annalen, 61 (1905), 527—560. The proof 
is also given in the Piandhuch, 697—698. 

§ 4.4. See the notes on p. 10 (printed on p. 20). 

Eor Ramanujan’s actual assertions see Papers, xxiv and xxviii. It is plain that, 
if his statement about the order of Oipc) were correct, it would be important whether 
we coimted actual squares or not. 


HR 


5 
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§45. Tho i)roporti(\s of ^{h) iWHunuMi hi^ro aro iia-itKitnl provtjd by 

Landau in tlio part of Handhnvh roforrod t o in tlio not^o on § *1 ,2. For tlio oxtoiisions 
to L-functions, and in particular L(h) r^;,^ 'd- h<io iftmdhueh, 4-5|)w|04^ 

§ 4,6, Tlio argunirait lioro in a litth^ k\sH unsDphi.slu-iittHi than that of § 2.5, ainco 
there I assumed tho truth of tho Hi<anaun llypotJioMiH, whoraa hero I asmima notluna 
about the saoros of and L(f^) which Iuih not boon f>rovfHi (aiul have for that reason 
to use a curvilimmr contour). In otiicr rospneis tlu^ arguniont. is an n)tigh m in § 2.5 

§ 4,8. Soo Stanley ( 1 ), Tho functionT(n) has many curioun congruence properties: 
for example T(n)=:0 (mod 691) h)r almost all a. For thests set^ Mort!oIi{l), WatHon(23^* 
and Lecture X. ^ 

§4.9. See Landaxi, Pmc. MaU^matijczmid'dzyczntjcK 21 (HHd), 97-177 (I3(>»137), 
and tho note on § 2,2. 

For tho asymptotic formula for Q{x) mo Hardy and Wright, 267-268; Landau, 
Eandbuch, 604-609. Tho thoorom is duo to <leg<ail)aut'r. * 



V 

A LATTICE-POINT PROBLEM 

5.1 . Suppose that i) is a bounded region in the plane of u and v, including 
the origin O inside it; and that D{x) is the result of magnifying D about O in 
the linear ratio : 1 or the areal ratio x:l. About how many lattice-points 
(i.e. points with integral coordinates) are there, inside or on the boundary 
of D{x), when x is large ? 

The most familiar of such 'Tattice-point problems’’ is Gauss’s “'circle 
problem”. Here D is the unit circle and D{x) is the circle 

It is easy to show that, if N{x) is the number of lattice-points in D{x), then 

(5.1.1) N{x) = 7rx-^0{x^) 

(the area of the circle, with an error of the order of the circumference). 
This theorem is almost intuitive, but is very far from expressing the final 
truth, more profound analysis of the problem having shown that the \ in 

(5.1.1) can be replaced, first by and then by various smaller numbers. 

We can also state the problem in a less geometrical form. If r{n) is the 
number of representations of an integer n as the sum of two squares (repre- 
sentations which differ in the order or sign of the bases of the squares being 
reckoned separately), then r{n) is the number of lattice-points on the circle 
+ and 

N{x) = r(l)H-r(2)H-... -l-r([a;]) = S T{n); 

n^x 

SO that (5.1.1) may be written as 

(5.1.2) 2 = 7TX+0{X^), 

nSx 

and becomes a theorem about the "average order” of the arithmetical 
function r{n). 

There are many generalisations of the problem, to ellipses, and to 
hyperspheres and hyperellipsoids in space of any number of dimensions. 

5.2. Another famous lattice-point problem is "Dirichlet’s divisor 
problem”. It is convenient to state this in a shghtly different form. The 
circle of § 5.1 was symmetrical in all four quadrants, and we might have 
stated the problem for one quadrant only. If D{x) is now defined by 

^ ^ 0 , + ^Xf 

f b©u N(x) = ^TTX -H 0 (ic^) . 


5-2 
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Wo could equally well dctiius l>{x) by 

diecawling tho poiiitH on tlu^ axt^n; and \sv Hliall mH* that tiuH modification 
is esBcmtial in iho diviHor pruiihon. 

In tho divisor probioiu ii(*r) in <itditH*d hy 

W, > 0, HV* J\ 

80 that N{x) m tiio iuunla'r <d‘ lattiro |HdutH hofaviani iho axo.s and the 
rectangular hyperbola an x, emuding thuso. if an>% on the hyper!>ola but 
not thoHO on tiio axes, There are an infinity i>f points mi the axes, ho that it 
is essential to exclude them. 

It was proved by Diricldei that in this eane 

(6.2. 1 ) Nix) ^ .r log ,r t (2y ^ 1 ) ,r i 

where y is Elnlerh consiant. TIuh theortun eorreBpomis to (5.1.1), though 
its proof is xxot quite ho trivial. Ah in the oinde prohkun, the tluHirem has 
been refined by modern wrlterH, t he renultH hi-ing nnieh tlie namci. Alternative 
statements are (i) tliat 

(6.2.2) i; din) xlogx (2y O(x^), 

n:,9'JC 

din) bemg the number of divinorH of //, and (ii) that 

(6.2.3) ^ irh)g,r t(2y— I};r I 0(,id). 

The last form is that used in Dirichh^th proof, 

5.3. I do not know how much Ranuuiujan luul tluiught about theso 
problems in ils early days. He wm familiar witli the <loininant teriuH 

a;loga;+ (2y— l)aj 

of Dirichlet’s approximation, and had probably found iluun by arx argument 
of the same kind. In this case he should have krxown (5.2.1), But he was 
unlikely to make any substantial contribution to the suhjtKjt, since the sting 
of aU these problems lies in estimates of error, about which his early ideas 
were quite vague. 

Thus in his first letter to me he says 

“d(l) + d(2)+ ... 4-d(n) = nlog^ + (2y — 1)^4* ld(n)'\ 

We should infer (if we took this statement at all strictly) that the order 
of the error in DMchlet’s formula does not exceed that of c^([^r]), and in 
particular that 


Nix) =: a:loga;4(2y--l)a;4 0(x^) 
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for every positive e. This is false (indeed with e — though not very easy 
to disprove. It is however much more likely that Hamanujan inserted 
the term ^d{ 7 i) merely as a recognition of a quite sound formal principle. 
When we are investigating the sum -function ” 

n^sc 

of an aritlimetioal function a^, it is usually not but 

A*(a;) = 

n^a; 

with the last term multiplied by ^ when x is an integer, which presents 
itself naturally in the analysis.^ 

Tater in his life, of course, Ramanujan was interested in these problems 
in a more sophisticated way, though his contributions were not important. 


5.4. Here, however, I am not concerned with either of these classical 
problems, but with one connected with another of Ramanujan’s assertions. 
This also is in his first letter to me, and runs 

* * the number of numbers of the form 2^3^ less than n, is 

log 2n log Sn ” 

2 log 2 log 3 

The formula is of course intended as an approximation, and there is no 
evidence to show how accurate Ramanujan supposed it to be. 

It will be convenient to wo:ite 


= log^, CO = log 2, co' — logs. 

Then Ramanujan’s assertion is that the number of solutions of the in- 
equalities 

(5.4.1) v^O, cou + co'v ^ 


is ‘‘"approximately” 


7 } 7 } \ 

2(x><jo' 2(jo 2a>' 2 ' 


The J at the end, of course, is not to be taken too seriously; and we shall 
see that, if any constant has a right to stand there, it is not 

I propose in this lecture to give a short account of some of the very curious 
and interesting analysis which can be made to hang upon Ramanujan’s 
assertion. 


As in Perron’s formula 




— JL C" 

~~ 27ri J c 


f(s) — da. 


where f{s) — See Hardy and Hiesz, The general theory of Dirichlers 

series, 12. Here the last term is to be mxiltiplied by ^ if a; is a A„. 
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.iiC'.t WH thiit Hntl (ti Hj'i* iifiy |H>Hitivr tluit 

in tlio nmnlwr of w>lntiuim of (5.4J), ij\ l!io iiuiiihor of luttuHspoiiitB in 
eartaiti rittht 'auf^itgi Iriariglo, ilmi 


( 0 . 5 , 1 ) 
anci that 
( 5 , 0 . 2 ) 




r ^ n 


XO}) t 


Tlio probloittiB that of hmiiug tho honf hottndH tliat. \vi\ can f(»r /i^(//), Ithas 
1)6011 oonBKiorod, in (IHlcrtait loriiiH, by a innnhcr<»f urlfcrn, aiul hi lairticular 
by Hardy ami litiUnvood amt hy Oninm nkl iiardy and littknvood, in 
two papora publiHhcd in 1921 and 1U22, conaidi^r if iii the form in wlvh4it 
is stated hero. OHirowaki connidcrH a nlioldly <iiilVrciit problem, Huper" 
ficially more apocial but BuhHtantt}iIl 3 ' (Mjuivalcuf , ami obtaiuH, by <lifTorcnt 
methods, very much tht^ name rcHuIts. 

The problem jh not changed mutmaall^* if we disregard laitha'i'-points on 
the axes. Ihc horizontal and vert ienl Hides of t he triangl<^ are ///ei ami ^j/(o', 
and the number of latt ic(^«p(untH on them ih 


1 -f" 





where \ Hence, if wo denote hy tuiinher of iat.tu-e-jioints 

inside the triangle or on its l)y|)(>teiniH(“, <hen 


mn) 


v _ V _ V 
~ 2m 2m‘ 




where r{7j) differs from B(i}) by 1 at most. 
It is plain first that 


(6.6.3) 






+ C(v) 


ghe area ophe triangle, with an error at most of the order of its perimeter). 
JJeyondthis everything depends upon the arithmetic nature of 


Since 


0 = (ofo/, 

N{k7), kM, ho'), 
it is only the ratio 6 that is really relevant to the problem. 
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Motional 6 

5.6. The simplest case is that in which d is rational. Then (since only 
the ratio of o) and o)' is relevant) we may suppose that 

= a, (o' = b, 

where a and b are positive coprime integers. 

The number of solutions of 

(5.6.1) au + bv = n 

where ^ is 0 or 1 .^ It follows that ^^(^ 7 ) has a jump of order 1 ] when tj passes 
through the value n, so that the equation 

M { 7 j ) == 0(77) 

is false, M{i]) being effectively of order tj. 


5.7. We can calculate N{'rj) explicitly as follows. If is the sequence of 
numbers 


au + bv {u,v = 0 , 1 , 2 , ..,) 


^ See for example Baohmann, Niedere Zahlentheorie, ii, 129. The proof is simple. 
Suppose that 

n = mah + r (0^r<ab), 


and write u = bU + /?, v = aV 4- a 

so that (5.6.1) becomes 


(0^(X<a, 0^J^<b); 


(5.6.2) mab + r = {U + V)ab-haj3 + boc, 

Consider the set of ab numbers 

ajS + boc (0^cx<a, 0^y^<6). 

All these numbers are less than 2a6 and incongruent (moda6). Hence they can be 
written as 

p, ct6+p', 

where p and p' together rim through 

0, 1, afe— 1. 

If ap + b(x, = p, 

then (6.6.2) implies C7+ F = m. 

There is one pair a, p satisfying the first equation, and m + 1 pairs D", F satisfsdng 
the second, and each set U, V, oc, p gives a solution of (5.6.2). On the other hand, if 

a/? + 5a = a6 4 p', 

then (5.6.2) gives H + F = m — 1, 

and in this case there are m solutions only. 





Mi’rltrH, iU**| 

I 




i 


i iiitiUi pnitif f fi'i liflf Ui 

>uum,‘rA m ..uUn in....,..* u. !- , .u,.i h .(, uft,.,, » 

:-ul . 

llf'ri’ r - «i .iiui I tir tliMih hii i I !i<- iM< ;>uuu' ijiIhim ■! m j ,. '.i ISnf 

/t-'j ■ 

Wit tliHl 

(.">“.1) A-iv 
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I 
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I -jHh 




(itt) fii»i|i!.i jKilt'H nt th.' {.uiittM 


witli rt^Hkiui'n 


(<tUh H fA < i ).> 
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4kff mt ikhff it) * ii ff #»ili IX-II#, hj 
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tho HUTO at hH thi'H., A «tr.»KJ,tf..r«Hr.{ rul.-uldtiuri thou lo.ukto 

tiiii fc»ri!itilii 

(0.7,3) A’*{//; . /'{,,) ♦ y(,^) , r,(,;} I 
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2IcTr , , . 

j oo8-^('>y + |a) 


4:7T 


/csin 


aJcrr 

~T~ 


the k in the last two series running through all integral values which are 
not multiples of a and b respectively. 

It is plain that 

Q{v) = -^{v-iv']-h)+0{i), 

and and 5^2 (^) are periodic (with periods a and b respectively), and so 
bounded. Hence 


(5.7.6) 


n *(,7 i ) = P(^)- J(^-[^]-4) + 0(i) 


for large rj. The second term has a discontinuity 

n 


ab 


+ 0 ( 1 ) 


when 7j passes through an integral value n, in accordance with our con- 
clusions in § 5.6. 


Irrational 6 

5.8. The problem is naturally more difficult when 6 is irrational. It has 
been proved, in the first instance, that 

(5.8,1) R{7I) = 0{7J) 


for aU irrational d, so that 

(5.8.2) Q{7i) = 


J!f—+2L + JL 

2 ( 00 )' 2(0 2(o' 


is a genuine approximation to i\^(^); and there are sharper results for special 
classes of 0. These depend upon the nature of the rational approximations 
to <9, or (what is the same thing) on the behaviour of the quotients in 
the expression 


/9 = ao + 


1 1 
%+ **’ 


of ^ as a continued fraction. If the do not increase very rapidly, then 

(5.8.3) R{7f) = 

for an a between 0 and 1 ; and if the a^ are bounded, then 

(5.8.4) i2(^) = 0(log7). 

In particular (5.8.3) is true for all algebraic and (5.8.4) for all quadratic 6, 
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and the number of lattice-points on it in 
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Hence 

n(7i)= s (i+r 

n^ijfoi \ L. 

7}~nofY\ 
0)' }} 


- s { 

If 


1 = 
0) 




-no} 


then the first sum is 

Hence 

(5.9.1) Nir,) = ^, + |- + ^-;§(^) + 0(l) = Q{7i)-S{v) + 0{1), 
where 

(6.9.2) 


B(V)^ S [^-neV 

n^TjIcj ) 


and the proof of (5.8.1) is reduced to a proof that 
(5.9.3) 8(v) = o(7i). 

Ostrowski, in his paper referred to on p. 70, is concerned with the sum 

S {ne}, 

n^x 

a series of much the same type as (5.9.2), and his arguments may be applied 
with equal effect to (5.9.2). 


5.10. If 


is a convergent to the continued fraction for 0, then tends to infinity 
with m and 


= 0 JPm _ 


9.m ^m^m+X 


where 


qm+l ^m+lO^TW. "f” 1 

and is the complete quotient corresponding to We suppose 

that q<7ij(i> and 


Then 


E 


rq-^s (r^l,0^5<g). 


(5.10.1) S{ri) = ’■s"f;J-7i(9) + 0(s) = S*{7i) + 0{a). 

n=0 j 


If we write 


n = M + 


= 0, 1, 1; V = 0, 1, — 1), 



7*1 

I iH‘ii 


.t Itiiiirr pifini prtihirfn 






{/»Jti.:i) Sj-^p 


; ^ ■■■ 


\Vt^ |»ri»v«‘ ia fha iif'\f Hvvti»m that 

(h.iii..-!) ■■ *Hl), 

tiitilMniily lit If \%t* it^Mutn#- tlu^ h»r a lUMfutai! , flnni |a.luj}, {5.10. 
iiiitl |5.lO.-i| ill i^tivt* 


(&Au.r4 


•'^{'li fHi'i > I . f/(./,„). 
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a - t if. 


where in im iitti^ger a or I 


ThiiH a - ifj ^** *'^' 
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(5jij) 
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at ^ ^ (ft A.rf < 

and ( 5 . 11 ^ 1 ) is then still true, HeiKa:i in any iTiwc^ 


{5J1.2) 


a-rO, 


a ■— i^p 


differ by less titan 1 /f. But (p,q) I, mtil ilmmittm 


a — 
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where ij, is an integer and runs, in some order, through the values 

oi 2 i:zl 

The integral parts of the numbers (5.11.2) can differ only if there is an 
integer between the numbers, and this can happen only if == 0, and 
therefore once only. In this case the difference 


[a ~ vdl - 

is 0 or — 1 . We call this diEferenoe e. 
It follows that 


[^] 


0 0 L ? J 

_ 1 2 _ 

0 ? q q 

= a — i(p + l)(q-l) + e, 

S^(q) = “S {« - yO} = “s [oc - p 0 ] 

0 0 0 

== g(oc-i)-iq(q-l)&-a + i(p-i-l)(q-l)-e 
= qa-a-iq(q-l)^&-^j-i-e, 

lS/q)l^lqSl+iqK^^ + i + l<3. 

This completes the proof of (5.10.4) and so of (5.10.5). 


5.12. We have thus 

S(v) = 0(^) + 0(qj. 

Given any positive S, and any sufficiently large tj, we can choose m so that 

\<qm<^> 

Hence 8{rj) o{7j) for all irrational and this, as we have seen, is equivalent 

to (5.8.1). 

Suppose next that 6 has Ramanujan’s value. Then 
(5.12.1) I 1^1 

for all g. This is | 1 — ^ | ^ 
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for all integral t and i/ witli ^ *%(<!). 

It follows III pariioular that tlin rtpiation 
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easier to prove, A very woll-kiiown ihoarein of dluto miyHtimi 

(5.1X2) I 
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(with any integral A, B, 1) has only a finite number of solutions. If we 
now put 

x=:Zg+p, y = Z'rj + cr (/?, cr == 0, 1, 2), 
we obtain nine equations 

of the form (5.13.2). Each of these has only a finite number of solutions, 
and so therefore has (5.13.1). 


5.14. Pillai proves, more generally, that if m, a, b are given positive 

am--bny^0 

for any integral x and y, and d is positive^ then 

I a'wP — bn^ I > 

for all X > iCQ(<5). Here a3Q(^), of course, depends on m, n, a and b as well as on 8. 
Similarly, a K which appears in the argument may depend on m, a and 6, 
as well as on any parameter indicated specially. 

We use one deep theorem of Siegel: if ^ is an algebraic number of degree r, 
then there is an A(^), depending only on such that 


for all integral p and q. There is a famihar theorem of Tiouville in which 
r stands in the place of 2r^. Thue showed that r could be replaced by any 
number greater than ^r+1, but neither Liouville’s nor Thue’s theorems 
would be strong enough for Pillai’s application. What is essential is to have 
an exponent of lower order of magnitude than r. 

Suppose now that u and v are positive integers, that ajb is not a perfect 
r-th power, and that 

If 

then (X is an algebraic number of degree r at most, and 
au^ — bv^ = b{vf — v^) > brv^~\w ~ v) 

> K{r) — «;)=: K{r) u^ 

Hence 

(5.14.1) au** — 6^;♦’>^(r)^6*■”■2^^, 

by Siegel’s theorem. It is obvious that this is also true if 0 <bv'^ S\au^ ^ so 
that it holds whenever auT — bv"^ is positive. Similarly 

(5.14.2) bv"^ — avT > K 



^au^ < bv'*‘ < aur, 
/ayir 

= I - I U = OrUy 
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for large and m, and 

^^4-— < 1 — 

<lm log 7/’ 

so that 8 ( 7 ,) = °(i~) ■ 

We have thus replaced the O of (5.8.6) by o. It may seem rather dis- 
appointing that the use of such j>owerful weapons should lead to so small 
an improvement in the final result, but such disappointments are common 
in this kind of analysis. 

NOTES ON LECTURE V 

§ 5.1. There are two proofs of (5.1.1) m Hardy and Wi'ight, 268—269. 

The essential difficulty of the circle problem is that of determining 0, the smallest 
value of g such that j = to + 0 (a:«+« ) 

for every positive e. It follows from (5,1.1) that Sierpinski proved in 1906 

that van der Corput in 1923 that Littlowood and Waffisz in 1924 that 

In the other direction. Hardy and Landau proved tndepondontly in 1915 
that © ^ There is a profoxind study of the problem, up to this stage, in Landau, 
Vorlesungen, ii, 183—308. 

The results have boon improved since by Nieland, Titchmarsh, and Vinogradov. 
The best result is Vinogradov’s 

Fuller references will be found in Bohr and Cram 6 r, Enzykl. d. Math, Wise, ii o 8 
(1922), 823-824, and in two papers by Titchmarsh, Quarterly Journal of Math. 
(Oxford), 2 (1931), 161-173 and Proc. London Math. Soo. ( 2 ), 38 (1935), 96-115 and 
555. The paper by Littlewood and Walfisz is in Proc. Moyal Soc. (A), 106 (1924), 
478-488. 

§ 6.2. For Eirichlet’s proof of (5.2.1) see, for example. Hardy and Wright, 
262-263. 

The history of this problem is very similar to that of the circle problem, though 
recent writers have tended to concentrate on the latter. In this problem 0 is the 
smallest g for which 

N{x) = X log X -h ( 2 y — 1 ) a; + 0 (a;£+®). 

It follows from (5.2.1) that Voronoi proved in 1903 that ©^1-, Hardy and 

Landau in 1916 that ©^ J, and van der Corput in 1922 that ©<- 3 ^^. For fuller 
references see Bohr and Cramer’s article quoted above, 815-822. 

The best known result here seems to bo © ^ -II-, proved by van der Corput in a later 
paper in Math. Annalen, 98 (1928), 697—717. 

§ 5.3. One example is the formula 

(1) V. e~27rV{(n+a)b} ~ ^ — e~*7r\/{(n+b)o}, 

0 V(^d-a) 0 V(^4'6) 

Here a and b are positive and r{n) has the meaning of § 6 . 1 . 

It is easy to prove (1) by writing the series on the left as 

1 r °° dx 1 r dx 

I e~a!>s-7r^b/a^2Jr(n) = —r \ 7 - , 

V^Jo 0 

where •d'ix) = 1 + 26 “» + 26 '“'*^* + . . . , 
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VI 

RAMANUJAN’S WORK ON PARTITIONS 

6.1 . A partition of n. is a division of n into any number of positive integral 
parts. Thus 

4=3 + 1 ==2 + 2 = 2 + l + l = l + l + l + l 

has 5 partitions. The order in which the parts are arranged is irrelevant, so 
that we may think of them, if we please, as arranged in descending order. 
Wedenotethenumber of partitions of by p(?z); thus p(l) = 1 and^(4) = 5. 
It is convenient to define’ ^(0) as 1. 

A partition of n may be represented graphically by an array of dots or 
‘'nodes’'. Thus 


represents the partition 64 - 3 - 1-3 + 2+1 of 15. We could also read the graph 
vertically, when it would represent the partition 5 + 4 + 3-Fl + l + l. Two 
partitions so related are called conjugate. 

The largest part in either of these partitions is equal to the number of 
parts in the other. Generally, a graph with m rows represents, when read 
horizontally, a partition into m parts, while read vertically it represents a 
partition into parts the largest of which is m. It follows that the number 
of partitions of n into m parts is equal to the number of partitions into parts 
of which the largest is m; and that the number of partitions into at most 
m parts is equal to the number of partitions into parts which do not exceed m. 

6.2. There are many less obvious theorems about partitions which can 
be proved by a direct study of their graphs. I choose as an example 
F. Franklin’s beautiful proof of a famous identity of Euler. 

Euler’s identity is 

(6.2.1) (1— — — a;®)... = l—x — x^ + + — .... 

The right-hand side is 

1 + 2 ( — 1 ^ = 2 ( — 1 

fc = — 00 


6-2 
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into a number of such parts whose parity is opposite to that of the number 
in Gi- 

We call this operation O, and the converse operation (removing cr and 
placing it below /3) Q. It is plain that Q is not possible, when < or, without 
violating the conditions of the graph. 

(ii) ^ — cr. In this case O is possible (as in graph Gg) unless meets cr 
(as in graph G 4 ), when it is impossible. Q is not possible in either case. 

(iii) ^>cr. In this case O is always impossible. Q is possible (as in graph G 5 ) 
unless meets cr and = cr-\- 1 (as in graph G^) . Q is impossible in the 
last case because it would lead to a partition with two equal parts. 



To sum up: there is a (1,1) correspondence between the two types of 
partitions except in the cases exemplified by (G4) and (G^). In the first of 
these exceptional cases n is of the form 

and in this case there is an excess of one even or one odd partition according 
as h is even or odd. In the second case n is of the form 

(^ + 1 ) Hh (-fc + 2) + (7c + 3) + . . . -h 2Tc = 

and the excess is the same. Hence y{n) is 0 unless n = when 

y{n) — ( ~ 1 )'’“'. That is to say, y(n) ~ c^, and this is Euler’s theorem. 

6.3. Franklin’s proof is a very striking example of what may be done 
by elementary "'combinatorial” arguments; but most of the theory of 
partitions requires a more analytical setting. 

The analytical theory was founded by Euler, and rests, hke the analytical 
theory of primes, on the idea of a generating function. But the generating 
functions of the theory of partitions are power-series 

F{x) = Ef{n)x'^. 

The function F{n) is called the generating function oif{n), and is also said 
to enumerate f {n) , 
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the number of partitions of into at most m even parts, or of J(?^ — JV) 

into at most m parts of any kind. Finally 

1 

(1 - ( t ) ( 1 ~ (1 ~ ( 1 --■ rr ®) . . . ' 

where the indices of x are the numbers 5m + 1 and 5m + 4, enumerates the 
partitions of n into parts of these two forms. 

Ramanujan^ s congruences 

6-4- Very little is known about the arithmetical properties of p(n)i we 
do not know, for example, when p{n) is odd or even. Hamanujan was the 
first, and up to now the only, mathematician to discover any such properties; 
and his theorems were discovered, in the first instance, by observation. 
MacMahon had calculated, for other purposes to which I shall refer later, 
a table o^ p{n) for the first 200 values of n, and Hamanujan observed that 
the table indicated certain simple congruence properties of p{n). In 
particular, the numbers of the partitions of numbers 5m + 4, 7m + 5, and 
11m + 6 are divisible by 5, 7 and 11 respectively: i.e. 

(6.4.1) _2^(5m4-4) = 0 (mod 5), 

(6.4.2) 5)^0 (mod 7), 

(6.4.3) 29(llm + 6) = 0 (mod 11). 

Thus ^(4) = 5 and p{5) = 7. 

6 . 5 . Ramanujan found comparatively simple proofs of (6.4.1) and 

(6.4.2) . These depend on two formulae which belong properly to the theory 
of elliptic functions, Euler’s formula (6.2.1) and Jacobi’s formula 

(6.5.1) {(1 — a;) (1 —x^) (1 —a:^) ...p = 1 — 3a;+ 5a;® — 7a;® + ..., 

where the indices on the right are the triangular numbers + 1). We have 
proved (6.2.1), but there is no equally simple proof of (6.5.1). We may also 
write (6.5.1) as 

{(l-a:)(l-a;2)(l-a;®)...}® = JS (- 1)* (27;+ 

— oo 

Ramanujan now argues as follows. We have 
x{{l -x) (l-x^) ...}4 = x{(l--x) (l-x^) ...}.{(1 -x) (1 -a;2) ..,}3 

== a;(l — a; — a;3 + a;® + ...) (1 — 3a; + 5a;® — 7a;®+ ...), 
by (6.2.1) and (6.5.1). We write this as 

(6.5.2) ;r{(l -a;) (l — x^) ...}^ = i27i7(— l)>“+*^(2^^+ 1) 
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6.6. Ramanujan went a good deal further. He proved congruences with 
moduli 52 , 72 and 11 that for 5^ being 

_p(25m + 24) = 0 (mod 5^), 
and put forward a general conjecture: if 

d= 5«7^1P 

and 24A = 1 (mod 

l\ then p{md-{-X)^0 (mod <5‘) 

for every m. It would be sufficient to prove the congruence for the special 
moduH 7^ and 11®, the general congruence being a corollary. 

This conjecture has led to a good deal of work, and it has been found 
that Ramanujan generalised too far. Gupta, extending MacMahon^s 
calculations of p{n) up to ?^ = 300, found that 

^(243) = 133978259344888, 

a number not divisible by 7^; and S. Chowla observed that, since 

24.243=1 (mod 73 ), 

this contradicts Ramanujan’s conjecture. On the other hand Krecmar has 
proved the congruence 

_p(125m + 99) = 0 (mod 5^), 

and Watson the congruence for general and D. H. Lehmer has verified 
the conjecture, in certain special cases, for 11^ and 11^. Lehmer’s work 
involves the calculation of some particular very large values of p{n) by 
a method which I shall explain in Lecture VIII: the largest is 

(6.6.1) ^(14031) = 92 85303 04759 09931 69434 85156 67127 75089 
29160 56358 46500 54568 28164 58081 50403 
46756 75123 95895 59113 47418 88383 22063 
43272 91599 91345 00745, 
a number divisible by 11^. 

6.7. There is another proof of (6.4.1) which is much more difficult than 
the one I quoted, but which says much more and led Ramanujan much 
deeper into the theory of elliptic modular functions. In the same paper 
in which he proved (6.4.1) and (6.4.2), Ramanujan stated without proof 
the two remarkable identities 
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TJae formulae have a very curious history. They were found first in 1894 
by Rogers, a mathematician of great talent but comparatively little 
reputation, now remembered mainly from Ramanujan’s rediscovery of his 
work. Rogers was a fine analyst, whose gifts were, on a smaller scale, not 
unhke Ramanujan’s ; but no one paid much attention to anything he did, and 
the particular paper in which he proved the formulae was quite neglected. 

Ramanujan rediscovered the formulae sometime before 1913. He had 
then no proof (and knew that he had none), and none of the mathematicians 
to whom I communicated the formulae could find one. They are therefore 
stated without proof in the second volume of MacMahon’s Combinatory 
analysis. 

The mystery was solved, trebly, in 1917. In that year Ramanujan, 
looking through old volumes of the Proceedings of the London Mathe- 
matical Society, came accidentally across Rogers’s paper. I can remember 
very well his surprise, and the admiration which he expressed for Rogers’s 
work. A correspondence followed in the course of which Rogers was led to 
a considerable simplification of his original proof. About the same time 
I. Schur, who was then cut off from England by the war, rediscovered the 
identities again. Schur published two proofs, one of which is “'com- 
binatorial” and quite unlike any other proof known. There are now seven 
pubhshed proofs, the four referred to already, the two much simpler proofs 
found later by Rogers and Ramanujan and pubhshed in the Papers, and 
a much later proof by Watson based on quite different ideas. None of these 
proofs can be called both “simple” and “straightforward”, since the 
simplest are essentially verifications; and no doubt it would be unreasonable 
to expect a really easy proof. 

6.9. MacMahon and Schur showed that the theorems have a simple 
combinatorial interpretation. I take the first. We can exhibit a square as 

H-3-h5+... + (2m-l), 

or in the manner shown by the black dots of (G,). If we now take any 
partition of ^ into m parts at most, with the parts in descending order. 


and add it to the graph, as shown by the circles of (G 7 ), where m = 4 and 
= 42+ 11 = 27, we obtain a partition of n (here 

27 = 11 + 8 + 6 + 2) 
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We have therefore to prove that 


(6.10.1) 1+: 


l—x (1 — ic) (1 — a;2) 
Similarly (6.8.2) is equivalent to 


( 6 . 10 . 2 ) 1 +, 


• + : 


(l-a;)(l~a;2)(l~.a;3)../ 
\ — X-‘X^'^x'^ + ^13 _ _ ^ 


l—x'(l-’X)(l~-x^) *“ (1 — a;) (1 — a:^) (1 — o;^) 

the indices in the numerator on the right being the numbers J(5?^^ + Stz.), 


6.11. We use the auxiliary function 

(6.11.1) Gj, = Gj^{a,x) = E 

n=0 

where ^ is 0, 1, or 2 and 


Thus 


= 1 r - {'^~ci){l-cLx) ... jl-ax'^-'^) 

® {l-x){l--x^) ...{l-x^) • 


(6.11.2) Gj^ ~ (1 — a^) (7o — a%^~*(l "-a%^*) — a%^*) (72— .... 

If a =1= 0 then 6^q = 0 for all x. Also 

( 6 . 11 . 3 ) G^{x,x) = l--X’-x‘^ + x'^ + x^^^ ... 
and 

( 6 . 11 . 4 ) G^ioCjX) = I'-'X^’—x^ + x^ + x^'^ — ... 
are the series which occur in (6.10.2) and (6.10.1). 

If the operator tj is defined by 


then 

( 6 . 11 . 5 ) 
and 

( 6 . 11 . 6 ) 
Hence 


ijfia, x) = f(ax, x), 

^ (l^ax)...(l--ax'^) 1—ax^^ 

^ (l—ax)...{l—ax^-^) 

- (l-»)...(l-x— ) - 1^°- 


( 6 . 11 . 7 ) ( 1 -*-)(?„ = a-a)vG^_^, (l-ax^)C^ = il-a)vG„, 

and in particular ijOo = Go = 1. 

If & is 1 or 2, then 

G]c — Gjc-t. = E {-\)'^a^xi”i^+^'>-^”’{l — a*=x^’‘”' — x^{l — a^-^x^^-^>-)}C„ 

n=0 

= a*^-i(l -a)+ 2 ( - l)«a 2 «a;*"( 5 rt+i)-*«|:(i _ j.*) 4 . ^u-i^iac-V)n(ji _ a 

n—1 

= a*=-i(l — a)^C'o + (l — a) 2 ( — + 



iitifiiiiNtijiin\s tinrk nn ptiriiiiuHs 


h.v tn.it.Ti 

. Wlir 

f4‘ ijJ 

li wr 

t'l 

t i*iU"run 

i**’ ibt'i .'it-rn'-i ill 

t'-lnr, ..f 

( 1 1 1 

o;i pi 

Jn 1 1 

i 

4 1*. ,1^-^ ■■ij.i'H ■ 

i V; . «,» A'n . |.t 

Homo 


C 

M'M i 4n ' l.- 

1 nj I , 4-titzMlH 

0 

o\. f,\ ^ 

iJ 


' i; t 

Its*— M 


* ' *' J i a '* ^,1"* n -1« “t Ii| 

But- 

‘’'a k 

i: ( 

1 

nr V t' '1 4‘n« j 



' ■’ r n» 


#UHI Htl I//;., f i|n^^an,.|«. r.., . t, ,«i |,,J| , 3,, , j ^ , . 

hikI thi'wl'itm 


(B.II.H) 


^'V i (I 'O'**- t. 


tl- i.:;)- 


6.12. If now 


(ho ( hat //„ 


JIf, //a {'*..'■) 


II '*j(I 


t*)* then (iKit.H) tiiH’i'iui'H 




lix parti «ni la r 
(ihVlA) 
mid Hi} 


lilt O/Z/j 


KuppoHo now that, //^ . 1 i r,o t ( .,., 

whoro the (ttKtlJifinntH <l(*jH>ni} on .r only. .StihMtitnfin^: into (<i,I2.2), we 

obtain 

l+Cjrt i-rjaii ). .., « I i fV/Sj-* > ... t «(t ) r^tir^ > r^uKr* i ...). 

Honco, (Hpiaiing cooflicJontH, 


Cl J» 


and 

and hence 

-a*) 


I :r^ ,.4 

I) 

(I --x)(l -.x3) ... (I 


■» I/g(a,x) 


14... ..a. ,. 

1 -* ^(1 -*){! -;k 2 ) 


(l-X)(l -*»)(! 



Also 


Ramanujan^ s work on partitions 


95 


"*~ (1 — a;) (1 — ~*~(1 —a;) (1 — (1 — it;®) 

Finally, putting a — x in these two formulae, and using (6.11.4) and 
(6.11.3), we obtain (6.10.1) and (6.10.2). 

This proof is elementary, and reasonably simple; but it is undeniably 
rather artificial. It is a ‘‘verification”; we verify that the series (6.11.1) 
satisfies a functional equation, and the argument gives no explanation of 
our choice of this particular series . 


6.13. There is another proof by Rogers which seems to assume a httle 
more but is really more illuminating.^ 

We shorten our formulae by writing 

ru* —m. 1 tyOtr /v* I ~~ /v* 'V* ^ 

^ • • • *^ 71 J 

and begin by expanding the function 


/W = n(l+ax^) 

1 

in powers of a. The function satisfies 

f{a) = {l-hax)f(ax). 

Substituting a power series in a for /(a), and equating coefficients, we find 
without difficulty that 


f(a) = l + ^,a + —.a^ + ...+ 






.... 


Replacing a by ae'^^ and and multiplying the resulting series, we 

find that 


(6.13.1) 0{x,d,a) = n(l + 2 aa;^ cos (9 + ^2^271) 

1 


= /l 4- a&e 4 . / j 4- 4. _ \ 

V Xil A ^1^ / 


i 


^ The argument of §§ 10—12, if regarded as a proof of (6. 10.1), assumes nothing, though 
some knowledge of theta -functions is required to identify (6.8.1) and (6.10.1). In 
the proof here we use formulae from the theory of theta -functions in the proof. 
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6>14, If wn roplin’O (*^13.1), by ifn i^x|iltrit <'xprt*HHinn (0,13.2) 
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(6.14,2) l + ^>“^ + 
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where the right-hand side is the same as in (6.10.1). On the other hand, 
if we replace 

2 cos (9, 2 cos 3^, 2cos (27Z-4- 1) ... 

and the even cosines by 0, then B 2 n+i(^) becomes 
(6.14.3) 




Wl- . a^C^+D^/l 5!L-a:2n _^3) + _£2L^2i=l_a;V(l_a;5) 




'n+2 


^n+2^n+3 


^n+2^n-^Z * • * ^2n+l / 

Multiplying by x-^, we obtain 


(6.14.4) 


xp. x.^\ 


l-~x — x^-\-x^ + x^ 


(l-rr)(l-a;2)(i_a;3)../ 


where the right-hand side is the same as in (6.10.2). It remains to prove 
that the series on the left in (6.14.2) and (6.14.4) are the same as in (6.10.1) 
and (6.10.2). 

6.15. We can do this by evaluating in an elementary manner. But 
before doing this I observe that the substitutions of § 6.14 correspond to 
linear analytical transformations. Thus if a; = then 


j: 


^- 2 d^/$ QQQ 0 ^ 2 cos 2 nd . dO 


=j: 


e“2^^/‘^{cos (2?^ — 1 ) ^ + cos {2n-\-l)6}dd 


Hence the first substitution of § 6.14 corresponds to the result of (i) replacing 
6 by 6 + ^TT and (ii) operating with 




c”2Wcos^...cZ<9. 


Similarly it may be verified that the second is the result of (i) replacing 
6 by 0 + ^7T and (ii) operating with 

- J (^) Bia. 2 d... dd. 

6.16. We now write 
(6.16.1) 




a!nd prove that 
(6.16.2) 
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and 


1-** ... .. (!-*")(! -x"-*) 


(6.16.6) + 
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Euler’s identity; and the argument of this section gives hi .ga^ftihularly 
simple proof of the identity. We shall he led to the formulae (6.16:5) and 
(6.16.6) in a different manner later. ^ 


6.17. It follows from (6.12.2), or may be verified directly, that 


F{a) = Hi(a,x) = ^ + 1 _ x) (1 -x^) 


+ ... 


satisfies the functional equation 

F{a) == F(ax)+axF{ax^). 
From this it follows that 


F(ax) -■' + “* F(ax) ^ F{a^^) 

^ , ccoc ax^ ax^ 

~ ■'■r+'i+ 1+...' 


In particular 

X x ^ x ^ F(l) 

■‘■ 1 T 1 + 1 + ... ~ F(x) 


(1 —x^) (1 —o?’^) ... (1 —x^) (1 — ir®) ... 
(l~ir)(l~rr») ... (1 -x^) (1 ^x^) 

1 — x^ — x^ +x^ -h x^^ — ... 

I ^ X ^ X^ -h -i- — ... 


is a quotient of elliptic theta-functions, which may be evaluated for certain 
special values of x. This formula is the key to Ramanujan’s evaluations of 
the continued fraction for special values of x, which I quoted in my first 
lecture. 


NOTES ON LECTURE VI 


This lectTxr© contains a good deal of the substance of Hardy and Wright, ch. 19, 
and there is inevitably a certain amount of repetition; but the account here is 
naturally less systematic. There is nothing in Hardy and Wright corresponding to 
§§ 6.13-16. 

§ 6.2. See Hardy and Wright, § 19.11, or MacMahon, Combinatory analysis, ii, 
21—23. Franklin’s proof was first published in Comptes rendus, 92 (1881), 448—450. 

Both Hardy and Wright and MacMahon give other examples of ‘graphical* 
proofs. 

§ 6.3. For a more rigorous proof that F{x) ©numerates p{n), see Hardy and 
Wright, § 19.3. 

§§ 6.4^5. Compare Hardy and Wright, § 19.12, where however there is no proof 
of (6.4.2). There are alternative proofs of (6.4.1) and (6.4.2), and a proof of (6.4.3), 
in no. 30 of the Papers. Darling (3) gave further proofs of (6.4.1) and (6.4.2). 

* See Lecture VH, § 7.8. 
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VII 

HYPERGEOMETRIC SERIES 


7.1. Ramanujan’s work on hypergeometric series is contained in two 
chapters of his notebook which I analysed and edited after his death. This 
analysis has since occasioned a small flood of papers, by Bailey, Watson, 
Whipple and others, in the publications of the London Mathematical 
Society. There is an excellent account of the results of all these researches 
in Bailey’s tract. 

The problem which dominates Ch. 10 of the notebook is that of the 
summation of the series 


(•7 11^ _ aiaaas cti{c(^+l)cc^{cc^+l)ct^{cc^+\) , 

‘ ’ I / l-AA 1.2.A(y5i+l)W2+l) ’ 

and the chapter contains practically everything known about this series 
before 1922. When /?2 = the series reduces to an ordinary hypergeometric 
series, and its sum is given by Gauss’s formula 


(7.1.2) 

, I , «i(«i+1)q: 2K+1) , -C(A)-C(/?i-gi-<^2) T 

I A J 1-A 1.2.A(/?i+l) r(A-ai)AA-a2)‘ 

It will be necessary to use hypergeometric series of higher order, and 
I must begin by explaining the standard notations. We write 


a^n) a{a + l) ... (a + n — l), a(^) = 1) ... {a-n-i- 1), 


and 


JP /^15 ^23 * • • 3 ^ 


The series is generally convergent for all a; if p S g, and for \x\<l when 
p = q + l. When p > ^ + 1 it is divergent for all x unless one of the a is 0 or 
a negative integer. We shall usually omit the argument 1 when x = 1. Thus 


( OCi, ^2, a^\ ( ^1, ^2, ccA „ / ^2, ^3 \ 

A, A A.A r'M A, A 

^ Here and elsewhere I ignore questions of convergence. The reader should be able 
to supply the conditions for the validity of any formulae which I quote or prove. 
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luunnuupu. H-ainH t„ huva J.,aa.! tl,.- tl., ,n»la ala.m IHli. „r HtH but 

h i t L, ; ‘ fhut U.u.»ua,ja„nrK.,...idMularIv- 

init. thmi, iH liothiny' m (lia p, . 

If wc! a!iK)<rvi' that 


Ml. 


and 


it 1 I 


■*>... { ii-f «)"■ 

(1 i „ i u,, 

wo can write (7.2.1) in the farm 

(7.2.3) ,fJ * * 4*‘ •'■• -V. «.x i // t r ( « ( a,.) 

\i«.x i «.} , « I t,; t « I |,« I .* ( J, 

’“/v„itwv , * rt > i) /’{,v i s )-« + «+ 1) 

If wo write - 1 . for X 4 St 4 * 4 4 2.y I . «> t hut 

(7.2.4) 3^ + // + z4- « t f M» ~2/j— J, 
then the formula becomou 

(7.2.6) -P 




1 4 "-a:, - ff, -s, ~u, -v 

* + «4l,j/4/»4 l,Z4 /»4 I.«4«+ I,t- 4 tt4 I 

f>4. l)/Xa:4-2/4z + u + „4 ,) ^ /’(X4tr4 1) /XV4-Z4W 4..4 1) 


r^) 


4" ili 4“ ^ 4* 1 ) 


a rigorous proof. ^ Fa**tKn*Iar oimm m, wht*n fwsooiatoci appropnatoly, yieH 
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The left-hand side here is obviously symmetrical in x, y, z, u, v. The right- 
hand side is symmetrical in the four arguments x, t/, and, since the five 
arguments are connected by the symmetrical relation (7.2.4), it is sym- 
metrical in the five. 

One of the arguments is to be a positive integer. If, say, 

X — 

then the series terminates, and the right-hand side becomes 

(n 2 61 (^+ + + ^4 - {y + z + s+lf^^ 

^ ' (2/4-5+ 1)^^^ (;2:-l-5 4- (2/^-2: + '^^ + «S+ 

And if we multiply both sides by 

(2/ + 5 + l)<^>(2/ + a; + % + ^+ 

then the formula asserts the identity of two polynomials in y, each of 
degree 2m. 

We assume the truth of the formula for 

ic = 0, 1, 2, ...,m— 1, 

and prove it for £C = m. It is sufficient, after our last remark, to prove that 
it is true for 2m + 1 different values of y. 

Now the formula is true for 

2 / == 0, 1,2, ...,m-l 

from the inductive hypothesis and the symmetry in x and y, and for 

•y = 0, 1, 2, ...,m— 1, 

i.e. for 

2/ = — 2s — a: — u — m— 1, — 2s — — u — m — 2, ..., —2s — z — 'iJL—2m, 

from the inductive hypothesis and the symmetry in x and v. Hence it is 
true for 2m values of y, in general different, and it is sufficient to verify its 
truth for one more value. We choose the value 

y _ 

This value of 2 / is a pole of the last term only of the series (7.2.5); and it is 
sufficient to prove that the residue of this term is equal to the residue of 
the product (7.2.6). It is easily verified that each residue is 

^ (m— 1)! (s + 2 : +!)(’”> (s + ^ + 1)^^^ ( 2 ; + 'ifc — m+ 1)^"*> ' 

and this completes the proof. ^ 

^ I give a little more detail in § 7.7, where I prove a more general formula which 
includes (7.2.3) as a particular case. 
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If iiM'lfitlt-H I*. ^il t.rl.'jv ' ’n f.irnitthi 

I , /'"I" /»•("!. I /•,! ;i„,) 

'iJ t l.'J I * 

the tIuMjrv "Vr. ^ ^ («. 4 ,u) ar«* twi. .if tb- .hn-c juuh.. iin{HJrfcant in 

tho t»f (iu* w.rtt'H ( 7 ,l.|), 'J’ld. jm 

/V i !/ i 1 1 ) 


(7.3.:1) 


w «. h.j' I If ( K i n 

V X I w . 1 , I .« ( 1 / 

H 

\ « I 


if,n . f) i « + 1 ' 
I 1,6 ) « ) . 1 


r(x hn f 1) /’(,/ 1 i 1) 

rut 

^ ^ ^ t I) /Vm ^ I I) \ a f .*1 I |,/M f 1 / 

a ’’’“““'“‘jnn. It is not 

subieothom I rT^-**' *'''""anujan identity, which Ik my main 

3 t hoTO, but 1 give Itanmnujan-H i'ro..r.‘ Hy ( lauHH'H formula 

. . ._Ax-fy + « + w4- 1) 1 t ^ 

r(ay + . + n+l)/’(y .,, ,5 .. ^ ^ “l) 

M ^ V ■^'c - 'X -t- ?/«) f ’{--?/ + >») 
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■r(x + y + >9 + l) p/ —a, — 6,ri;H-2/ + 5 + l\ 

jr(a; + 5 + l)r'( 2 / + 5 + l) \ x-j~s+l,y-{-s+l J 

1 “ r(--a + n)r( — l> + n)r(X'i-y~hs-hn-+- 1) 

■“ r{ — a) r( — b)^o nir(X'{-s + n+ 1) r(y -j- s n + 1 ) 


1 

r{^a)r{-b)r{~x)r{-y) 

X y r{~-x + m)r{ — y + m)r{~a-\-n)r{ — b + n) 
mini r(s -hm-tn-h 1) 


and the conclusion follows by symmetry. 


7.4. I return to the Dougall-Ramanujan identity. The notebook contains 
a mass of elegant summations, most of which, though not all, can be derived 
from (7.2.1).^ I cannot quote many here, but I will say something about 
the formulae (1.2), (1.3) and (1.4) of my first lecture. 

If we suppose u, in (7.2.1), a positive integer, and make u->oo, we 
obtain 


(7.4.1) 


s (-l)«(s+2,t) 

n =0 n- 


n 

x,y,z 


(a: + s+ 1)W 


sr{x + y + z + s+l) J'(£c + s+l) 

r(^+l) r{y+z+s+iy 


The special cases 

and 

give 

(7.4.2) s-{s + 2) 



sin^TT 
TT ’ 


which reduces to (1.2) for 5 = I-, and 


(7.4.3) 5 + (« + 2)(|)V(5 + 4)(^^^y + 


sin^OT {r{s)Y 
27r2cosOTT(25) ’ 


which reduces to (1.3) for 5 == J. 

The formula (1.4) is more difficult, and it is not possible to deduce it 
from (7.2.1). Proofs have been given by myself and by Whipple, the first 
depending on the theory of the Legendre polynomials, and the second on 


^ There are a large imraber of examples in my paper 8, and on p. 96 of Bailey’s 
tract. 
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1 prove this m a epocial tuiao i,tn anntfml formula found by Bailey, viz. 
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We can write this as an equation between two terminating series of the 
type 4 ^ 3 . For 


1 ^ /13\^ 1 

m'^\2) m+l'^\2.4/ m + 


: + . . . to n terms 


_ ( 1.3... (2?^-~3) )^ 1 ( (2n-2)^(m-hn-l) 

2.4... (2n — 2)1 m + n—lX (2n — Z)'^{m + n — 2) 

{2n — 2)2 (2n — 4)^ (m -h n — 1) (m + n — 2) 
(271 — 3)2 (27^ — 6)2 (m + n — 2) (m + 72. — 3) ' 

L (r(n-i)]^ /I, -77+1, -77+1, -m-72.+ l\ 3 . 


'^/l, -77+ 1, -77+ 1, 
\ — 77+|-, — 77 + -f, - 


(m + 77— l)77i r(n) I \ — 77+ 1, — 77 + f, — ^ 

Hence (7.5.2) reduces to 
(7.6.3) 


777 — 77 + 2 


= {n-w4^’ V’ V’ 

\ — 777 + f, — 777 + f, — 777 — 77 + 2 


and so 


■77+ 1, — 77+1 
— 777 — 77+2 


= 2 -Pi(" 


■ 777 + — 777 + ^ 


-m — n-h 


— 777+ 1,-777 + 
— 777 — 77+2 


r*-) 


If we equate the coefficients of on the two sides of this equation, it 

will be found that we obtain (7.5.3), 

.7.6. Most of the preceding formulae, and in particular (7.2.1), can be 
generahsed for ‘"'basic’" series. I prove the generalisation of (7.2.1), since 
it is interesting in itself and has a curious connection with the Hogers- 
Ramanujan identities. 

The "basic” generalisation of the hypergeometric series was &st studied 
systematically by Heine. Suppose that, in the hypergeometric series 


(7.6.1) 


we write 


a,p «(a+l);g(/g.+ l) 
l.y 1.2.y(y4-l) 

1 — 

1 _ qfi+n ’ 

A + 77 
/7 + 77 

^ TJsing the notation of § 7.1. 
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(7.6,5) aHycAr/q I , 
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when Ai + Ag = replaced by 

fili)f(h) 


where 


f{i) 

1 


Hence the product of gamma-functions becomes 


(7.6.6) 


f(a)f(abcde) n 

b,c,d,e 


f{abc) . 
f{ab)f(abcd)’ 


and the finite product becomes 


. (fflg)g {aqde)^ (aqec)^ . 

^ ’ {aqc)^ {a^dy^ {aqe)^ {aqcde)f’ 

and we are led to conjecture that, if (7.6.5) is satisfied, and one of 6, c, d, e,/, 
say 6, is q^, then (7.6.4) is equal to either of (7.6.6) or (7,6.7). It is plain 
that (7.6.4) is symmetrical in 6, c, d, e,/ (since the restriction can be imposed 
upon any one of these parameters), while (7.6.6) is symmetrical in four of 
five symmetrically connected parameters, and so symmetrical in all of them. 


7.7. We can prove the identity, which was found first by F. H. Jackson, 
by an argument which runs strictly parallel to that of § 7.2. We assume 
it true for ^ 

and prove it for b = q^. If 6 == q'^, and we multiply both sides by 

(age)"* (aqcde)^, 

then it becomes an identity between two polynomials in c of degree 2m, 
and it is enough to verify it for 2m H- 1 different values of c. Now it is 
true for ^ ^ 2 ^ . . . ^ qm^i^ 

by the inductive hypothesis and the symmetry in b and c, and also for the 
m values of c corresponding to the same values of /. It is therefore enough 
to verify it for one more value of c. 

We choose the value c = a“^g*””*, 

which is a pole of the last term only of the series (7.6.4). It is sufficient to 
prove that the residue at this pole is equal to the residue of (7.6.7). The 
residues are, apart from a factor — the values of the coefficients of 

1 1 1 

1 — aeg"* og"* c — 

when c = a“^g“"*; and we have to prove that these coefficients are equal 
for this particular value of c. 
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which is the first of the two formulae of Rogers proved directly in § 6.16. 
If we take a = instead of — 1, we obtain the second formula. Those 
formulae lead, as we saw in § 6.16, to a proof of the Rogers -Ramanujan 
identities. The proof thus obtained is a compromise between Rogers’s proof 
given in §§ 6.13-16 and the proof found later by Watson. Watson uses an 
identity which is more complex in form than that of §§ 7 , but which leads 
to the Rogers-Ramanujan identities by a direct limiting process. W© use 
the simpler identity, the direct generalisation of the Dougall-Ramanujan 
identity, to avoid the rather tricky algebra of § 6.16, but retain the more 
straightforward part of Rogers’s argument. 


NOTES ON LECTIJBE YII 


§7.1. My analysis of the two chapters is in Hardy (8). There I call the chapter 
with which I am primarily concerned eh. xn, but it is ch. x in Watson’s copy of the 
‘second edition’. See Watson, 10, 139- 

Almost all of the formulae discussed in the lecture are proved in Bailey’s tract 
Generalised hypergeometric series (Cambridge 1936). This tract contains a full biblio- 
graphy, and I do not repeat references to papers published before 1914. 

The notation for generalised hypergeometric series which has become standardized 
was introduced by Barnes, Proc. London Math, Soc. (2), 6 (1907), 69~-116. 

§ 7.2. The Dougall-Ramanujan identity is the first formula in ch. x of the note- 
book. Formulae (1.2) and (1-3) of Lecture I are special cases, but Ramanujan doOwS not 
seem ever to have printed the general formula, which I found in the note-book only 
after his death. 


§ 7.3. The special case of Morley’s formula in which m is .a negative integer had 
been found by Dixon as early as 1891 (and proved more shortly by Riclnnond in 
1892). Morley published his formula in 1902, and it was his result which led Dixon, 
in the same year, to (7.3.2). Dixon’s original proof was very complicated. 

The corresponding sum for the expansion of (l-f-rr)^" is a with argument — 1, 
not summable as a finite product of gamma-fimctions. 

Formula (7.3.3) is equivalent to (1), §3.2, of Bailey’s tract. It is an expression of 
the theorem that 

]j; 

r(A)r{MriJ3^ + j32-oc^-oc^-cc^) \ / 

is a symmetric fxmetion of the five argtunents 


Al> Azf ^3 4” — OJi — 0C2, 

§ 7.4. The limit process used in the deduction of (7.4.1) requires a little attention. 
See p. 27 of Bailey’s tract, and the paper of Dougall’s to which ho refers. 

For (1.4) see Hardy (4) and Whipple ( 1 ). 

Whipple gives two generalisations of (7.4,4) in 3. These generalisations give the 
sums of the series 

l+x, l^x ’ 7 




and 




/h i + i + 2x ^ \ 
\ 1+a?, l + 2x ’ 7’ 
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VIII 

ASYMPTOTIC THEORY OF PARTITIONS 


8.1. In this lecture I shall be concerned with the question: how large is 
p(n) for large It is very remarkable, if we consider how much has been 
written about approximate or asymptotic values of arithmetical functions, 
that this question should never have been asked before 1917, when 
Ramanujan and I pubhshed the memoir which is now no. 36 in his Papers. 
We were very lucky in finding a problem which proved to have so much 
individuality and to admit so complete and so surprising a solution. 


8.2. There is one obvious method of attack on any such problem (if no 

strictly elementary method suggests itself). If is positive, and the power 

series , _ 

F{x) = 


has radius of convergence 1, then there is a general correspondence between 
the order of magnitude of for large 7^, and that of F{x) for x near 1, 
The first step, therefore, is to determine the order of magnitude of Euler’s 
function 


( 8 . 2 . 1 ) 


F{x)^ 


1 

(1 — a3)(l— aj^)(l“-a;^) ... 


when 0<a;< 1 and This is quite simple, if we are content with a 

rough approximation. For 


logF{x) = 21og-— — - S 

n X a; 


m ^m(l— cc’”) 


and 
so that 
( 8 . 2 . 2 ) 


^^m~i(i —x)<l—x^<m{l--x)^ 


.. — <logF{x)< E ~ 


I’-x' m 




Each of the series in (8.2.2) has the limit when x-^l, and so 


(8.2.3) 
or 

(8.2.4) 


logF{x) 


7T^ 

6(1 -CC) 


F{x) = exp 



^ I write X now instead of q, q being wanted for other purposes. 



1 11* . f iiivury af pariiftoN.s 

It Ibliuwrt ililit ilu* urdi*r <»!* ifia-nit udi* uf in, U> a ilmi H-ppnjxiiuation 
that» (d‘ 






<H 1 .r)’ 


Wt" wiiiif- !«>' kiiuw lilt" ord'ar t>f -rurri’Hpiindiat^*: Uj IIuh onk^r for 

F{s} 

If M n'\ whrro cx > >■■'■■ I. niiil .r r an that tluMi 


F(x) 




tu 


i\oL I 1) ,/*(a'f’l) 


Oil tji 4 ^ tdlior liiiiid, if uoih* na an for Htaiio ptwiti'vo then the 
Herk*H wtaild divorpo 1 irft»ro .r naiida-a I, It in plain ttnni that nnist be 
Hinn, ll<*r than thin, Init tiuin any puworof ;i. It is nnJ-tiral to conjecture 

that tho ri^ht tirdt*r is nianil 


for Koino h hotAviHn'i d anti I and sonn^ iL 
Tlu? ordia* of f/(,r) ^"'v. 

may ho calcnlattsl ronghly from that of its maxirmnn term. This occixrs 
when Bbn^* * » //» appr<>\inmt<dy ; and th<* maximum term in then about 

u 

exp {0(1 - or) i 

whore ^ m -b). 

This agrooH with (8.2,5) if h » | and Irr'-^; ami vve (nmclude that the 

order of p{n) alumld bo alaiui 

6 , 

wiiere 

(8.2.6) K = ^7(«). 

8,3. It ia actually tru<4 that 

(8.3.1) 
or 

(8.3.2) p{n.) « 

but wo cannot prove thievery simply. It is however quite easy to prove that 

(8.3.3) e-^”* < 'p(»i,) < 

for n > 0 and some positive A and B. 

If a: = e-", then y-^Q when a;-*- 1, and 

(8.3.4) l—x~y. 
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We write 

(8.3.5) F(x) = Epi^er^y — G{y)\ 
and we suppose that 

(8.3.6) 0<J7<(7 = i7r2<Z). 

(i) It follows from (8.2.3), (8.3.4) and ( 8 . 3 . 6 ) that 

D 


p(n)e-^y < 0{y) < exp 


y 


for all n and small y. Hence, taking y = n~^, we obtain 
p{n) < exp {ny + 

with B = D 4- 1, so that B may be any number greater than (7+1. 
(ii) On the other hand ^ 

6 ^( 2 /) > exp ~ 

for small y\ and so 

m <x> jm 

Gf,y) + G^{y) = p{n)e-''>^y S jp(^)e~’^^> exp — 

0 m+i y 

for every m. But p{n) increases with n, and therefore 


(m + \)p{m) > G-Sp) > exp — — Gfp). 

Also ^i{y) = 2 pijt)e~~'^y < 2 ^'sp{Bn^-- 7 iy)^ 

m+l m+1 

after what we proved under (i); and so 

Hpf - . 

We choose H so that H > 2 J?, and take y = Hmr^, Then 

°0 CO oo 

S exp(5ri.*-'n.2/)S S exp 2£wm-i) < S 

m+1 m+1 0 

say. It follows that 

for large m, ..4 being any number less than JEJ/H. Since E may be any 
number less than (7, and H any number greater than 2B = 2(1 +D), i.e. any 
number greater than 2(1 + (7), 4L may be any number less than |^<7/(1 + (7). 



I 111 
8.4. 

.| 4 ii 'riillril ’ ' 


Ast/rnpfufi'r thtury of puriiiiom 

ur iH.a.i!) n**iii$rr a g«^nt*ral 
liiial. It i,h iu lat't frut% w}ii*iiina*r 


ihaoram of the 

0 for ail that 






1 


Wiit^io iiH hor*% \utit n, \kv nto n*ithivv tim lunt aquation by 


iitui thiH |..uvaH tw.a, I ). 

Wohavr fluui nil mympU^tiv i\mnnhi fbr tlu^ Iu|i:anilnu of p{n). But an 
H.*^y in]»f < .t i.^ IVu'iiiulii ior fha i* hni af nti aril huitqic’ui fuutjtfon Ih a very 
aruila ronull ; it iUn*n nut dintinp^mHln bir t‘.\aui|*li\ batavi^iui the orders of 


tiifigiuiiuk^ 


, I n*i*{L Hni 


\Vo nluiulil Iiku,t u,l t!u5 leitHt , uu < it it- fuvmnhi for p{n) itself* Actually 

{HA A) 

but we t‘iymo| hit|a' iu firova so imtvh as tbin by iirgunuabs of ho oloiueutary 
liiul geiit'fal a liiiut. If m tii uho luoro |jowerftiI methoclB which 

pay pnifH^r regiinl to fin* moro lufiittaf^^ potuiliaritioH i)f F(x)^ 


Our iifiiura! roHOur<*o in 4‘aurlty*H theonuu* '“riuH tollH uh that 


(8.5 J) 


pin) 


1 f n^} 
2^# J i>'j*** '* * 




wlioro (J irt a c<uil4mr rourul tlu^ oHgitu Wt^ uniat uu>vi!t f/ into the mbst 
advautagoouH iKinition aiut nttUtiy the iuk^gral There in of course 

nothing in tlui leant novel in tiiia idea* wlu<‘!i in f-hat which <l(>mmates the 
whole analyth-. thmiry of uuitdierH, an<l in |>articular ihct theory of primes; 
but the Hotting here iu <juito ddlenuit, and it in iuHtruetivo to compare the 
two prohleiUH, 


In the theory of primes our gmu-rating funtdions were Dirichlet's series 
and the proof of the Prime Number Theorem dcqiended upon the 

integral 

^ ^ ^ C(^) 


where c> 1. We mored the contour of integration to the left, across the 
pole at sa 1, and inferred that ^^{x) and i/r(x) differed from the residue x 
at the pole by an error of smaller order than x/ 


* See iHKsture II. 
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The conclusion was correct, but the argument was difidcult to justify 
because ^( 5 ) behaves in a very complicated way at infinity. In particular 
the location of its zeros is still highly mysterious. On the other hand there 
is no difficulty at all about the singularity which yields the dominant term, 
a pole at 5 = 1 of the simplest possible character. 

8.6. The singularities of the F{x) of our present problem are very much 
more complicated. They cover the unit circle \x \ = 1 . The circle is a 
“barrier” for the function, which does not exist outside it, and there can 
be no question of “moving C across the singularities”. All that we can 
hope to do is to move C close to the singularities and study each part of it 
in detail. 

For all this, however, there are strong consolations. The function F{x) 
is one of a well-known class, the elliptic modular functions, whose properties 
have been studied intensively and are very exactly known. These functions 
all have the same peculiarities as F{x), and exist only inside the circle; but 
they satisfy remarkable functional equations which enable us to determine 
their behaviour, near any point of the circle, very precisely. In particular, 
F{x) satisfies the equation 

;ilogl = 4.r^ = 

If, for example, x is positive and near to 1, then x' is extravagantly small 
and Fix') is practically 1; so that (8.6.1) expresses F{x), effectively, in 
terms of elementary functions. There are similar formulae associated with 
other points of the circle, such as 

— 1 , i, — i, . , . 

(generally, with all primitive roots of unity); but (8.6.1) alone is enough to 
enable us to make great progress. 

In particular, if we take (7 to be a circle with just the right radius, a little 
less than 1, we can substitute from (8.6.1) into (8.6,1)^ and replace F(x') 
by 1, with an error which turns out to be of order 

where H<K = 

There are then only elementary functions in the integral, and we can 
calculate it very precisely. 


( 8 . 6 . 1 ) 

where 

( 8 . 6 . 2 ) 



IIH Asffmitintir ihet^rt/ f{f parti Han, s* 

‘i’hi^ rrHiilf fM fill* lunutilu 

(H.it.a) 

'A^. //* A*. 

TIum IfirliidrN |H,|J| aitil vi^rv lutirjt utort* l,lu»s form of the 

tliimtniiid t4«riii in ?il lir/J rnlh<^r m hut it mimn naturally 

fr*»iii tho anaf\ -i-,. In |uirti4nUiu% tlio ** in A,, ariHea naturally from 

I ha in (Hjl.l). 

8«t. ThiH Inm'avar w l»y no ntaana tha tunl uf fha inattor. Tiic forxmila 
(HJ'IJ) in that appn »|inaf.r for fha j^fiuiy id' A*(.r} naar x ' ■ I. There are, as 
1, retiiarkati, winiilar luriiuiliu* with other “ratiiuial points’^ 

on the unit eirele. Clna may any (nat nrally very roughly) that theno “I’ational 
HiiigtihtritieH ” are tiie /av/riov/ ninroharif iea of F{x}^ tluit A(;/;) in bigger near 
them thfoi near (jtlun* pointM of the ein^lin ami that their (‘ontributions to 
tbi^ int-t^gral (H.5J) may |>e 4e\|Hn'fe<l to ontuoiyb tlume of other points, 
Fxtrthor, tluw^ rational HiiigubiritieH himininh in aanght an q increases. 
When X- > I along a radiua, F(x) hehaven naighly Iik(^ 

( 

"" «(.>■)(■ 

while when it beliaven roughly likt^ 


,%»(! |.«:[) 

It ia rouBonablo to oxptict that. 


(8.7.2) p(n) « J\{n) f P^(n) f ... -f- /'y(«) f KM, 


where Pi (n) ia the <kn«inant torrn in (H.«.;{), ii(/(), /a(»)» ■-•,PqM are similar 
in form, but with ainaller munljora A\, A'^, ..., A'y in the place of K, and 
P(n) is an error of lower ortlor than 

The proof of all tliia can !)o put through without much additional 
difficulty. The form of Pg(n) is 

(8.7.3) ia(») * P«(»0 ?^a(»). 

where 


(8.7.4) 

(8.7.6) 


^g{n) 


q* d 

a!n\”A~ /’ 


L^{n) =. 

P 
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p runs through the integers less than and prime to and is a certain 
24th root of unity. Thus 

L^{n)=\, <p^{n) = P^{n), ^a = f- 

And 

(8.7.6) B(n) = C>(e^««^), 

where Hq < Kq 

(so that Hq-^0 when ^->oo). We can thus iind^(w) with error 0(e^^^) and 
an arbitrarily small positive d. 

8.8. At this point we might have stopped had it not been for Major 
MacMahon’s love of calculation. MacMahon was a practised and en- 
thusiastic computer, and made us a table of p{n) up to ^ == 200. In particular 
he found that 

(8.8.1) :p(200) = 3972999029388, 

and we naturally took this value as a test for our asymptotic formula. We 
expected a good result, with an error of perhaps one or two figures, but we 
had never dared to hope for such a result as we found. Actually 8 terms of 
our formulae gave p{200) with an error of 0*004. We were inevitably led 
to ask whether the formula could not be used to calculate p{n) exactly for 
any large n. 

It is plain that, if this is possible, it will be necessary to use a ‘Targe’’ 
number of terms of the series, that is to say to make Q a function of n. Our 
final result was as follows. There are constants oc, M such that 

(8.8.2) p{n)^ S P^{n) + R{n), 

Qcocn^ 

where 

(8.8.3) I B(n)\<Mn-i, 

and, since p(7i) is an integer, (8,8.2) will give its value exactly for sufficiently 
large n. The formula is one of the rare formulae which are both asymptotic 
and exact; it tells us all we want to know about the order and approximate 
form of p{n), and it appears also to be adapted for exact calculation. It 
was in fact from this formula that D. H. Lehmer first calculated the value 
of p{721), 

8.9. It was however necessary, until very recently, to make a curious 
reservation at this point. The values of ^(200) and j)(243) were knovm, 

^ because they had been calculated directly by MacMahon and Gupta, but 
^calculations based upon (8.8.2) were not decisive. We cannot use the formula 


When q = If p = 0. 



l:2iJ 


iheitry of portitions 

l« fiffti'r tliiif /4’7 -!Ii hn?^ iSi fuiri i**yijfcr valui* tnilil havt^ i'^uiid numerical 
viiItii'H f«ii' 'M Mini ,1/ ; riuiiijuiujuu iuul ! Ituri iu**rt*ly pruv{*d thinr exiHtonoe. 
It w^^^4 !<» t*\vr nil Mur tdvf' ntniu‘rii’ai vulum to all 

otir *' aud rapliua* all Mtir f<’rin.s hy tt^rmn witli immerical 
houiifin. Ill III*" inaHnliiiii* LHhia»*r*H rahatiatiunH^ vvhifh used 21 terms of 
the HeriuH, and lt*d tu f he \alu<* 


i<iitHU75r»7:»u2TiM77n:{a:»:tiTr»2*iHti t, 


gave a very strony {»n*;-uinpt i* aj nlHUit the %*alti4^ of p{l*2l} but wore not 

Tht^ y^jip hart lUHv lieeii tilled by liHdeiaaehrr, who (t-rying at llrat merely 
i<* siiuidity nur aimlyniN) vva-^ leil tn iiudiu a very fnrtunali' fonnal change, 
Ibnniinujan and I wnrkrih i*\ai’tly witli the funetinii 


I ti 

LVrv-'^/d )’ 

but with the *dmarly et|tnvalt»nt ’* funrtion 


1 f! I euslt KA„ 1 ^ 


(aftnrwanlH dtHi’anling the k'ss iiu|a»rtnitt parts of the funetiuu). Bade- 
mtwlwr works wit.b 


iff in) .'r. 


I ii /sinh KAA 
rr /:i da \ A„ I 


whieh m also ^‘nearly I'qulvnlenf **; ami this nppnnuitly slight change has 
a very iin|)oriani onVrt» since it h^ads to an idtHtUif ihr 
We have 


d 

dn 



KA„\ ^ il /K 
q } tln\q 


>-) 


K^i>i — »i_ 



for £xod n and largo q. Honoo tho funotiou 


( 8 . 9 . 1 ) 




q* d luinh (K A, Jq) 
A„ 


behavea for largo q like a multiplo of q^.q~^ = g'*; and 

(8-9-2) I \(;n) 1 = 1 X i S g, 

SO that 


is convergent. The series EL^{7i)<p^{7h) is not convergent; this question 
Ramanujan and I left doubtful, but it has been settled since by Lehmer. 
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Rademaclier proved that 
(8.9.4) p{n) == i; L^{n) 

and that the remainder after Q terms is less than 

where C and D are constants for which he found definite values. The 
remainder is of order when Q is of order n~, as in our older work. 


Proof of Rademacher’ s identity 

8.10. The rest of this lecture will be devoted to the proof of (8.9.4). 
The Farey series of order N is the set of irreducible fractions pfq, 
between 0 and 1, whose denominators do not exceed N, We include 0 and 1 
in the forms f £^iid thus is 

IJ 5s 4s 39 59 2s 69 49 59 1- 

If X = 


and 0 runs through the values (so that the first and last values of x 

are each r), we define a set of ‘"Farey points’’ re^PTri/a the circle \x \ = r. 
Suppose that ^ > 1 and 

p' p ^ 

g’ g' 


are three consecutive fractions of We associate with pjq the interval 




where 


^ ^ A2?,q:s 

““ + g") ’ ^ q{g. + f 


These intervals just fiU up the interval (0, 1), and the length of each of the 
parts into which is divided by p/g lies between 

1 1 
2Wg’ Nq' 


The definitions naturally require modification when g = 1. Then pjq is 
^ or Y and the interval has one part only. 

We shall also use ^ for the arc of | a; | = r defined by the same values 
of the two extreme arcs, which now abut at a; = r, are to be amalgamated 
into one. We call this dissection of the circle the Farey dissection of order N. 

We apply (8.5.1) to the circle O defined by 

\x \ = r = 



A.'iftuiptutii- thfiuif of purfifianx 


I 1^*2 

{■H.UU) ./ N- ' 1 ' fAn 

“u'«i !, .,■>•■ I '*•' 

»n.if.tu.ly f.M-!tiia,vraiM-pu.,.t. !, 'I'h,. nun... ,.f. ,,, .■ - , . 

I.Ulj,. '•* -uiniua(inin„<lofinQjj^ 

i" '1. t/'.v) 1 . l-./-;.V 

(•‘Stfiif (Imt, wh.-it ,( 1. p hhhuiui-h 111.' Hint'll' vnlu<« O). 

811. < *Jt y vvc w rit*' 

.«• r.S’**', r t a A‘ 

«u tlifit 

(K, 1 1 .2) *r ' |i 

%vhisn^ 

IhuH f/i ' , fj thii Farf*y piunt 

iin«l 

(HJLr>) ^ ^ , , , 1 

-^'/.V \v"' «/A'’ 

Ki^rriri'-’i^r? whirl, wiu ho useful te. 

v>m<.0 I < l/jV aiul </iS A', wo huvo 

(H. 1 I .«) I 2 j , ^ ^ ^ J 

(SO th.it. 1 2 I is Nmiill. uuifornily. f,,,- largo *V); also 

and ^ 'V I2W'*> 


it.* 

r 

^ 'i.'^ \ « 

2/7 /Ff 

( 1 

' ^ u 

2 /f 

¥ 

' .v^ 

""ll «• 



1 . , 1 


'4 

A'® ^ 


“AV*</ ■■"■ A'" 


(SJLB) 


1.^*1 AT””® '♦ 

<7 3 ./(iV * + 9Sa) > ^ -=. ~ ff- 


(8.12.2) 
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is the 24th root of tuiity referred to in § 8.7, has its principal 
yaiue, and pp±= ~ 1 (mod q). The formula reduces to (8.6.1) when q = 1. 
If we substitute from (8.12.1) into the integral of (8.10.1), write 

(8.12.3) 

and observe that 

dx « . , , „ /2n7r 2np7Ti _ , 

— = 2m a;-™ = exp - — 2n7^4>^ j , 

we obtain 

(8.12.4) P W{z) F(x') 

J -X" 

It is convenient to have also a formula for j^ g in which the variable of 
integration is z. This formula, which is a trivial transformation of (8.12.4), is 

(8.12.5) W(z) Fix') dz, 

the path of integration being the straight line joining the points 

in the plane of z. 


8.13. When z is small and positive (i.e. when x is near to on the 

radius to that point), \x'\ = e-^Waz 


is extremely small, and F{x') is practically 1. We may hope to replace 
F(x') by 1, without serious error, on the whole of ^^^g. We therefore write 

(8.13.1) Jp.a = ’^p.a + Jka 

and 


(8.13.2) Pin) = Uj^^g = UJ^^g + UJ'^^g = P(7i) + P'(n), 
say, fp g and Jp g being the integrals obtained from jp g when we replace 

’ 1, ^ir(*')-i, 

respectively. Of course Pin) and P'in) depend upon N as well as n, and 
we have to study their Hmits when W-^oo. 


8.14. We prove first that 

(8.14.1) P'(7^)->0. 

We have Wiz){Fix')—l} = 2i^es:p| — — 
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Now 

I' 



by (8.11.7). 

Also 




1 1 = o.xp 


.?E)\ 


U2rp \ <J 

(1^1) 


= oxp 1 

i 

24. 

5-1 ^ 

i 


by (8.11.8), 

BO that 






where jB is a constant. Finally, 


li<2W™* 


by (8.11.6), and the interval of integration in (8.12.4) is loss than ^jqN, 
by (8.11.5). Hence 

I J'^.a I 

and I P’(n) \ = oi N-i S i) = ofiV-J S 0 = 0{N-i). 

\ v.a9.I \ <vj:iN 1 

Combining (8.14.1) and (8.13.2), and remembering that ‘p{n) is inde- 
pendent of iV, we see that 


(8.14.2) 


p(n) = lim P(u). 

JV— >00 


8.15. In discussing P{n) we use the formula (8.12.5), with F(x') replaced 
by 1. Putting z = qZ 

we obtain 


(8.16.1) 

where 

(8.16.2) i2^,, = 

The path of integration is now the line L of Fig. 2. Thus 

(8.16.3) p{n) = lira P(») = lim S S a -R® » = lim S T„, 

iV-»-oo iV-^-oo ' * iV-->ooff*a»l 

where 


(8.16.4) 




We have now to transform We apply Cauchy’s theorem to the 

contour indicated in the figure. Here is positive at is --i{ — Z)^j 
where ( — Z)* is positive, on the hne (1), and i{ — Z)^ on (6). Also 

€<N-^ 

and € will be made to tend to 0 before N tends to oo. 
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Cauchy’s theorem gives 

(8.15.5) = f -f -f -f -f “f) 

'l' \J ^co J(l) J(2) J(3) J(4:) J(5) J(6)/ 

= 2q^Ug 4- iq^{Ii 4* /2 + -4 -^4 + -^5 + 
say, where is an integral from — oo to —oo enclosing the origin in the 
positive direction, and is independent of 

It is plain that 

(8.15.6) + 
where 

(8.16.7) 




JV-2+iX" 

. 6 

4 

r J 

— ^ -£ 

6 

2V-2' 

2' 

f 1 



i 

3 i 



Fig. 2. 


(so that Vq^ also is independent of p), when e^O.JIf we assume provisionally 
that the other integrals and can he neglected, then we shall have 

N N 

p(?^) = hm 2 = lim lim 2 

i\r->cx) q:= 1 iV->c3oe-->-0s=l 

= lim lim S + + 

iSr->co e-^Oa— 1 33 

= lim S 29'i(17g + T^)SWy, 2 e- 2 «»”/a 

iV“>cog=l 3> 

= lim 2 S g^LJi^U^+V^) = 22 

N—^a> q=X 2=1 

Here = Lq{n) is defined by (8.7.5). And if we can then prove that 

(S.15.8) + 

the proof of Rademacher’s identity will be completed. 

^ depends upon, p as well as on q, because x' ^-^^d x!' do so ; and so do Jj, J4, J5. 
But U^, Fq, and the upper bounds found for Zg in § 8 . 16 , are independent 

of p. 
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8.16. Wo iiuiHi lirni vtn’ify ilio provinional assumption made in §8.15, 
It in HuOioii^nt to prove tiiat 

liin iim | 4 1 4 -t 4 + 4 I = 0, 

(y - 1 it <.-‘•0 

OX’ that 

(8. Uhl ) lim X Max [ 4 + 4 + 4 "h 4 1 = 

In 4 , H)<Y<x'), 

and 1 /a 1 < -t- x"^)i X' < («■" + g]^ • 

Plainly Batislics the saino inc(j[ualit.y, and 

(8.1G.2) liVn 1 /s + 4 1 g 2(f/iV')-« 

6*“~)*0 

(for each 2^). 

In J3, Z^X- ix' ( - <i < X < X- 2 ), 

\Z\i<' 2 .i(r^N-i, 

by (8.11.6); 1 | < gaair/jv*. 

11 X N-^ 

~.3i— . = . - ■ .<-_ <4, 

by (8.11.6); and, for each p, 

(8.16.3) 1 J 3 1 < 2iV-2. 2lor-iiV-* 

where B is again a constant (in particular, independent of p). Plainly 4 
also satisfies the same inequality, and so 

(8.1 6.4) iim 1 Ja + 4 I < 

e->.0 

Tkns it is sufficient to prove that 

E 2»(glV)-»->0 

a-i 

N 

and 2 <1^ • 0 ; 


and each, of these is 0{N'~'^). 
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8.17. It remains only to evaluate the integrals and V^, and so prove 
(8.15.8). The integral Ug. is one of a standard type, and may be calculated 
by formulae to be found in Watson’s Bessel functions. We have 


If we put 
we obtain 




with 

and this is 


Jl. ^ 

477-^ 


^TT{n — 277-AI ’ 

^ dn\X^^j{^7T)} ^oo 4i/ j 


27r^A% . //2\^n 

--3 ^, ^ = W(I)y = *— . 


so that 




As for Vg, we have 




dt. 


/: 


Since 

when a and h are positive, this gives 


p~2a& 


2a 


1 d j 

U~B:Xnlg\ 

“ 27T^2dn^ 

[ K ) 


and Ug^+Va 

which is (8,15.8). 


1 d / 1 . , KAA 


8.18. It is easy to estimate the error involved in taking only N terms of 
the series. The value of iV which we choose will depend upon n, and we must 
now use approximations valid uniformly in n. In the first place 

\Lg{n)\^q 
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by (8.9.2). Also 
d { :i 
dn 
if 
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siiih 




d (K 


7h < A(p, 


dn \ q * 


•■)-&) 


for a fixed A, and q is largo (and iiniforinly in any snch range of n). The 
error will involve all values of q greater than iV, so that N must be at least 
of order 

This being so, wo have = 0(q^^) 

CO / 00 \ 

for q>N, and X S = 0{N-^). 

iv+x \n-\-i J 

111 particular, if wo take A of order n^, we obtain p{n)^ for large n, with 
an error 

A rather closer analysis is required for numerical computation, but there 
is no difficulty of principle. Thus Rademacher, using only the crude estimate 
(8.9.2), found that the error after iV terms is less than 

+ sinh-^ 


(with definite values for and ^ 2 )* we wish to use (f>q{n) instead of 
irfin), as in the Hardy -Ramanujan formula (and this is more convenient), 
then there is a slight additional error which is easily estimated. Thus 
Rademaoher was able to show that if 72 , = 721 and iV' = 21, the error is less 
than 0*38. Since p{n) is an integer, any bound less than J is good enough 
to determine 

A cruder estimate will suffice for special purposes. These calculations, for 
example, were undertaken with a view to deciding whether 

^?(721)s0 (mod 113) 

in accordance with one of Ramanujan’s conjectures. Since Ramanujan 
proved that jp(721) is a multiple of 11^, any bound for the error less than 
60*5 is sufficient for this purpose. 

I have set out in tabular form the values of the first 21 terms of the 
Hardy -Ramanujan formula.^ The rapidity of the convergence is very 
impressive, and the actual error is much less than that given by Rade- 
macher’s analysis. The largest value of p{n) which has been found in this 
way is ^(14031) = 92 85303 04759 09931 69434 85156 67127 

75089 29160 56358 46500 54568 28164 
58081 50403 46756 75123 95895 59113 
47418 88383 22063 43272 91599 91345 
00745, 

* Tlie corresponding table for n = 14031 is too long to print conveniently. 



129 


Asymptotic theory of partitions 

recently computed by Lehmer. This requires 62 terms of the series, and a 
more refined estimate of L^in); the crude inequality (8.9.2) is insufiS-cient. 
Lehmer has, however, shown that 

(8.18.1) \L^(n)\<2q^, 

and this was enough for the purpose. It turns out that 

^(14031)^0 (mod 11^), 
as predicted by Ramanujan. 

P^(721) 

161061755750279601828302117'84821 
~ 124192062781*96844 
- 706763*61926 
2169*16829 
0 * 00000 ^ 

14*20724 
6*07837 
0*18926 
0*04914 
0 * 00000 ’^ 

0*08814 
-0*03525 
0*03247 
— 0*00687 
0 * 00000 " 

-0*01133 
0 * 00000 " 

-0*00563 
0*00859 
0 * 00000 " 

-0*00524 

161061755750279477635634762*0041 
These terms vanish identically. 


NOTES ON LECTURE VTEI 

§ 8.1. Most of the material of this lecture is to be found in Hardy and Ramanujan, 
Proc. London Math, Soc. (2), 17 (1918), 75-115 (no. 36 of the JPapers), and Bade- 
macher (2). 

§ 8.3. Hardy and Ramanujan {l,c. 285—287) prove the more precise inequalities 

^ ^2(2n)i 

by elementary methods. 

§ 8.4. The Tauberian theorem is proved, in a more general form, by Hardy and 
Ramanujan, JProc. London Math. Soc. (2), 16 (1917), 112-132 (no. 34 of the JPapers). 
There are references at the end of this paper to similar theorems of Valiron and earlier 
writers. 


g. 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 



130 Asymptotic theory of partitions 

Tho ‘Tauborian.’ motbodH aro naturally offoctive, so far as they go, over a wide 
range of problems. Thus wo can prove that the number of partitions oin into primes is 



with tho same dogroo of accuracy as in (8.3.1) or (8.3.2). 

§ 8.G. The functional equations for required here and later (in particular in 

§ 8.12), aro the formulae for the linear transformation of tho function h{T) of Tannery 
and Molk- See Tannery and Molk, Fonctions elliptiques^ ii, 264—267 (tables XLV- 
XLVI). 

Tho formula (8.6.3) was found indopondontly by Uspensky, Bull, de Vacad. des 
sciences de VUB,8S (6), 14 (1920), 199-218. Uspensky’s paper was published a 
little after oui*b, and wo developed the solution much further, so that his proof of 
(8.6.3), which is simpler than ours, has been nnticod less than it deserves. 

§ 8.7. Tho abstract of no. 36 which appeared in 1917 in the Comptes rendus (no. 31 
of the Papers) does not advance beyond this stage. 

Tho idea of approximating to an arithmetical function by a ‘singular series’, in 
which each term corresponds to a ‘ rational point ’ on the circle of convergence of the 
generating series, is one of these which dominate tho work of Hardy and Littlewood 
on Waring’s problem. 

Various expressions for have been given by Hermite, Tannery and Molk, 
Hardy and Ramanujan, and Rademachor ( 1 ). Radomacher’s is 





U. H. Lehmer (4) has proved that L^{n) has a ‘multiplicative’ property which 
enables us to reduce its calculation to cases in which ^ is a prime or a power of a prime, 
and that in these cases it is the product of gi, a power of 2, a symbol of quadratic 
residuality, and the cosine of a rational multiple of n. 

§§ 8.8—9. MacMahon worked with the recurrence formxrla 

p{n) —pin — 2) —’pin — 3) -^pin — 5) H- . . . = 0 
obtained by equating coefficients in the identity 

{X — x'^ — x'^ + x'^+...)Z:p^x^ = 1 . 

Gupta (1, 2) used additional devices. 

Tehmer calculated 39(721), from the Hardy -Ramanujan formula, in his pap^r 
but the result was first made decisive by Rademaeher (2). Both Lehmer and Rade- 
macher also calculated jp( 699), as a test of Ramanujan’s conjecture (§ 6.6) for modulus 
6* (the result being again affirmative). In the meantime Gupta (2) had verified the 
value of 39(699) by direct computation. 

In his paper 3 Lehmer finds the values of p{n) for 

n = 1224, 2062, 2474, 14031 


and verifies their divisibility by 
respectively. 


6*, lU, 6^ 
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Rademacher and Zuckermann (1) and Zuckermann (3) have found identities for 
the coefficients in other modular functions. Some of these functions are of the same 
type as F{x), while others are of a different type also considered by Hardy and 
Ramanujan [Proc. Royal Soc. (A), 95 (1919), 144r-155 (no. 37 of the Papers)'}* 

For the divergence of the Hardy -Ramanujan series see Lehmer (2, 4, 5). The first 
of these papers settles the question of divergence, while in the two latter he proves 
more precise results. 

§8.10. For the relevant properties of Farey series see, for example. Hardy and 
Wright, ch. m, or Landau, Vorlesungen, i, 98-100. 

§ 8.17, See Watson, Bessel functions, ch. vi, especially p. 176. 

§ 8.18. For (8.18.1) see Lehmer (4), 292. 
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THE REPRESENTATION OF NUMBERS 
AS SUMS OF SQUARES 

9.1. The problem of the roproBentation of an integer n as the sum of a 
given number k of integral squares is one of the most celebrated in the 
theory of numbers. Its history may be traced back to Diophantus, but 
begins effectively with Girard’s (or Fermat’s) theorem that a prime 4m +1 
is the sum of two squares. Almost every arithmetician of note since Fermat 
has contributed to the solution of the problem, and it has its puzzles for us 
still. 

We denote the number of representations of n by h squares, i.e. the 
number of integral solutions of 

by We are to pay attention to the sign and order of Thus 

1 = (± 1 ) 2+02 = 02 + (± 1 ) 2 , 5 = (± 2 ) 2 +(+ 1)2 = (± 1 ) 2 + ( + 2 ) 2 , 

and r^{l) = 4, r^(5) = 8. 

The problem is that of determining r^(^) in terms of simpler arithmetical 
functions of such as the number or the sum of its divisors. It is a good deal 
easier if k is an even number 2^, and I shall suppose this throughout the 
lecture. 

Jacobi solved the problem for 2s = 2, 4, 6 and 8. Thus he proved that 
(9.1.1) r^(n) = 4 S (-l)i<^““« = 4{d^(n)--ds(n)}; 

d odd, din 

and that 

(9-1-2) r^(n) = 8j:d= 8cr(n), 

din 

or 

(9.1.3) r^(n) = 24 S = 24or<’(n), 

d odd, din 

according as n is odd or even. Here the sums extend over all divisors d of n, 
or aU odd divisors; d^{n) and d^Hn) are the numbers of the divisors of n of 
the forms 4#+ 1 and 4m + 3 respectively; cr{n) is the sum of the divisors of 
n, and G^{n) the sum of its odd divisors. The formula for TQ{n) is a little more 
complicated, but of the same general character, and that for r^in) will 
occur later. 
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9.2. Jacobi found his [formulae from the theory of the elliptic theta- 
functions. If 

(9.2.1) = l + 2x + 2x^-h = S 

— CO 

then 

(9.2.2.) ■d'^ix) = 1 + ^( 3 ^ 


X^ x^ 

-f 


and 


(9.2.3) + +^ + ^+j 


X* 

l — x'^ 
4:X^ 




....) 

....). 


and ( 9 . 1 . 1 ), ( 9 . 1 . 2 ) and (9.1.3) are the results of equating coefficients. Thus 
the right-hand side of (9.2.2) is (ignoring the 1) 


d odd 


dodd i~l 


‘ and the coefficient of is 

d odd, d ( n 

In this way the formulae for and rjji) appear as corollaries of an 

analytical theory. 

It is possible to reverse this procedure, to prove the arithmetical formulae 
directly and deduce the analytical identities; and here there is some differ- 
ence between r^{n) and r^{n). It is easy to deduce (9.1.1) from the theory 
of the Gaussian complex integers, but (9.1.2) and (9.1.3) present greater 
difficulties. For this reason it is interesting to have an elementary deduction 
of ( 9 . 2 . 3 ) from ( 9 . 2 . 2 ), and Ramanujan found one. I repeat it here because, 
though it has very httle bearing on the substance of my lecture, it is a very 
characteristic specimen of Ramanujan’s work. 

It is easily verified that 

2x^ Sx^ 4:X^ 

I — x~^ 1 + x^~^ 1 — 1 + “ 


X 

1 — x 


2x^ 

1-x^ 


3x® 

1-x^'^ 


l — x^ 


-f ... = E'mUyn, 


where 




and the dash indicates the omission of multiples of 4. We have therefore 
to prove that 

(9.2.4;) + — -• -)^ “ irg"!" 

Ramanujan proves, more generally, that 
(9.2.5) = 
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w horc^ H - “ I <*x)t 1 0 + Bin 0 4- Bin 20 4 - . . . , 

: Q iM)i iY>')-4?4x(l +11^) lH>iii0-\-U.j,{i+U^)GOB20+ ..., 

% * i I + 2u,>( I — eos 20) + 3 ?^jj( I ~ cos 3i^?) + . . .}. 

This ri^hitjoB to (0.2.4) wlien 0 Jtt. For then 


n - A, 4 E ( - 1 1 ~f 

I 


-A 4 - 1 ^ J J = A + s ( -- 1 ) 


1 2 


1 ^ :i’ 4 \ 1 — 


2nx^^ \ 

' l Z. x^n 


— iV ^2 • - ’ > 

^^ 3 fxdi jr^ = 4 ” 3'?.<>3 4 4 . . . ) 4 2 'W /2 4 O'W-g 4 lO^^xo 4 • • • j 

so that a\ 4 iTa = xV + 

To prove ( 9 . 2 . 5 ), we write 


(icoti<?+2 


sin mO 


= (i cot 10)^ 4 i cot 10 2 + 1^2 j 

- (icot 46?)2 4 /S^i 4 . 92 , "" 
say. We express and JS^ in the forms 
00 

^1 = 2 {I + cos 0 4 cos 2 ^ 4 ... 4 cos {m — 1)0 + ^ cos md} u^, 

00 00 OO oo 

^2 = 2 sin mO 2 '^n sin ^< 5 ^ = i 2 S {^o& (m — 72 .) ^ — cos (m 4 n) 0} 

1 1 *"11 

and rearrange 8^ 4 /S'g as ^ 


ASfi 4/^2 = S Cj^coskO, 

k’^O 

(i) The oontrilbntion of to is and that of is Hence 


Co - i S «m(l +^m) = i S JJZIT^Z 

_ nx'^ _ 


, = iSS^a:” 

' 1 1 

00 

i S »»««' 

1 


(ii) If X; > 0 , then the contrihntion of S-^ to C* is 


^k+ S «*„ = i'Mfc+ s 
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That of S 2 is 

7c - 1 

^~-n=k n—m—lc rti+n—lc Z==l t— 1 

CO CO 7e~l 

Hence Q; = S '^A:+r+ S 

Z=1 Z=1 Z=1 

It is easily verified that 

Ujc+i{ 1 +^ 2 ) = “■ '^&+z)s + % 4- 

so that ^ ^ 

I Z-l Z=1 i 

== 4" 'W-1 4- ^2. + . . . 4- 'iijc — i(^ — i) — ('^i 4" + . . . + "W-^—i)} 

== — ^h). 


Hence finally 

= a cot 4^)2 4 - 4 E — Ik) cos kd 

n=l k<=l 

CO 

— (i cot 16)^+ S u^{ 1 + cos m(9 + J S 1 — cos md) 

m=l m=l 

= 3; + 2’a. 


The identity is equivalent to 

lS(«)-^} = (-A + f (t4^)2 

in the ordinary notation of elliptic functions. 


cos- 


mnu] 


< 0 , /’ 


9.3. Jacobi did not attempt to determine r 2 s{n) when 2s exceeds 8, and 
the first results in this direction, for 25 = 10 and 25 = 12, were found by 
lionville and Eisenstein. In these cases r 2 s(n) is not usually expressible as 
a simple “divisor-function” of n. For example, in Glaisher’s notation, 

+ 16-El (n.) + 

where TJn)=^ E ( — d^, 

d odd, din 

^i(n)= E 

d' odd, d\n 

id' being njd, the divisor of n “conjugate” to d), and 

X 4 (») = i S {a + biy- 

a*+6®=n 

(a sum extended over the Gaussian complex divisors of n). There are 
similar formulae for 25 = 12, 14, r^air,) being in each case the sum of a 
“ divisor “function ” and one or more supplementary functions. 3Fhe com- 
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ploxity of tliOBO supplementary functions increases with s, and it is only 
the siinplost of ttiom, sucli as which can be defined in an illuminating 

arithmetical way. The majority can only be recognised as coefficients in 
tlio cxpanBions of modular functions. 

We shall find, however, that there is always a divisor-function which 
dominates'’ r.;^^{n). In all cases 

where is a divisor-f unction and is much smaller than 

for largo n, so tliat r^{n)~d.^{n) 

when n tends to infinity. 

9.4. I propose to work out two s])ecial cases in detail here, 2s = 8 and 
2s ~ 24. The analysis is a little simpler than usual when 2^ is a multiple 
of 8, but these two cases arc cjuite tyx^ical of the general theory. In the first 
case I shall obtain the classical foimulae of Jacobi, in the second the most 
characteristic of Ramanujan’s new theorems- I do not think that any 
complete proof of this has been i:)ublished before. 

I shall not use Jacobi’s or Ramanujan’s methods, but the later 'Tunction- 
theoretic” method devised by Mordell and myself, which shows up the 
foundations of the theory much more clearly. I must however begin with 
a few general remarks about Ramanujan’s contributions to the subject, 
which are set out in two substantial papers in the Transactions of the 
Cambridge Philosophical Society} 

It is always difficult to say how much Ramanujan owed to other writers, 
and the difficulty is at its maximum when he is developing work which he 
began before he came to England, and when he is concerned, as he is here, 
with some side of the theory of elliptic functions. There is no book on elliptic 
functions which he could have seen in India and which says anything about 
the arithmetical applications of the theory. I believe therefore that Raman- 
ujan had rediscovered Jacobi’s formulae, which certainly lay well within 
his powers. 

By the time he published these papers Ramanujan had read a great deal 
more, and knew all about Jacobi’s and much later work. In particular he 
had read Glaisher’s papers, and treats their content as known; and a reader 
who takes his acknowledgements at their face value will be liable to under- 
estimate his originality. The papers are highly original, whatever deduc- 
tions we may make: they are characteristic of Ramanujan at his best. They 
contain many remarkable theorems which are undeniably new, and con- 
jectures still more remarkable, which were confibemed later by Mordell; and 

» ^ Nos. 18 and 21 of the Papers. 
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the general level of the analysis is astonishingly high. P^rWar the 
^ 4 -iviaall tViP' formal "blioory of ^‘'Hamanujan s sum , wKicli 

se.»od pap« cent.™ “> 

rt'ssr. “« I - “““ 

different from his. 

Samanujan’s sum Cg(w) 

9 . 5 . Ramanujan’s sum is 

p(g) 

where the notation indicates a sum over values oi p less than and prime 
to q.’- It may also be written as 

c«(n) = Soos^P 

® 35(a) 1 

(a form which shows that it is real), or again as 

Cg,(n) = ifpj, 

it™, of the Mobl™ tootion M»). Thie 

function is defined by 

(i) i“(l) = 

(ii) = 

if 3 . = p^p ^ ... p, is the product of v different prime factors, and 

(iii) ® 

if n has a repeated factor." The chief properties of p{n) are {a) that 

S M<i) = 0 

<*la 

for all g > 1, and (6) that the identities 
( 9 . 6 . 1 ) 
and 

(9-5-2) 

are equivalent to one another. The last theorem is usuaUy described as the 
“MoMus inversion formula’’. 

Hamanujan proved that 

( 9 . 5 . 3 ) 


Sr{g)= S/W 
d\q 


CgW = S /‘(I) ^ 

® a\a.d\n W 


Or any complete system of residues prime '^oq. 

» fi{n) has occurred already in Lectures II and IV. See p. , 
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(a stun extoBdod over all eoiBmoB divisors of q and n). To prove this he 
obsorves that 

h^O 

is q if q | n and 0 othox^wise. But it is plain that 

d\Q 

and thoreforo, by the Mobius foi^mula, 

Ca(«.) 

which is (9,5.3). 

There is another proof wliich is a little longer but depends on principles 
which will be useful later. We say that f(q) is multiplicative if 

( 9 . 6 . 4 ) 

whenever {q,f) = 1- In particular this involves /(I) = 1. It is plain that, 
if we want to prove that 

(9.6.5) f{q) = F{q), 

and know both f{q) and F{q) to be multiplicative, then it is enough to 
prove the result when g is a power of a prime. 

Now, if {q,f) = 1, we have 

cJ7i)cAn) = S 

pia) p'wy 

— S ^•~2nJp7ri/qa' ^ 
p(,Q),p'(a') 

where F—pq'-\~p'q; 

and P runs over the range F{qf) when p and p' run over p{q) and p'{f)- 

== 2 er^n^TTiiqq' ^ 

p(q),p'iq') P(qq') 

and Ramanujan’s sum is multiplicative. 

Again, if we denote the right-hand side of (9.5.3) by G^{n), we have 

(9.6.6) Og(n) C^{n) = dd,' = dd'. 

Here d\q, d\n^ d^ \ q\ d’ | n, and these relations are equivalent to 

dd' 1 qq', dd' | n 

(since q and q' are coprime). Hence the right-hand side of (9.6.6) is Gg^g>{n)j 
and" G^{n) also is multiplicative. 



139 


The representation of numbers as sums of squares 

We liave therefore only to prove that 

c„ic{n) = G^h{n) 

when m is prime. The values of p in are 

p = ■uj^~''-z+p-i^, 

where 2 ; = 0, 1, 2, m— 1 and runs through Hence 
c„h{n) = 2 

jPlCtET*—^) S!=0 

and the inner sum is w when ru ] n and zero otherwise. It follows that 

(9.5.7) c^h(n) = TZ7 S - urc^h-i(nj) 

ii w\n and n = wn^', and that c^Tc{n) = 0 otherwise. 

Now c^{n) 

1 

so that 

( 9 . 5 . 8 ) c^{n) = - 1 (vy^n), c^{n) = 117-1 {v7\n); 

and we can now calculate c^jc(n) by (9.5.7) for every k. We find that 

(9.5.9) c^2(?i) = 0 (vj'rn), -w {w\n,w^<n), u7(tDr-l) {m^\n), 

and generally 

(9.5.10) 

c^j,(n) = 0 (uj^-i \ n, vj^^n), 1 ?^); 

and we can verify at once that these are also the values of Thus 

c^{n) = C^{n) whenever q = and therefore for aU q. 

The series Sq~~^Cg{n) 

9.6. Ramanujan summed a large number of series of the form I^ag^Cgirh). 
The simplest is 

(9.6.1) W=i^. 

s=*i H 

There are a number of interesting ways of summing this series. It is abso- 
lutely convergent when s > 1, since | c^ip,) ] ^ d{n) for every q. 

(i) The shortest way is due to Bstermann. We can write Cg(n) in the form 

Ca(») = S 

lm—Q,7rh\n 

= S M^) 

q^ lm=g. ,m|«. 


so that 
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When wo Huin with rowpect to q wo remove the restriction on I, which now 
aHHUinoH all poHitivo integral values ; and so 

(!).6.2) U(n) = //.(/) i-omi--* 

Ipni I u 


: ni} 

111 1 n 


m~ l(s) 


.9-1 






where <r^{n) is the sutn of the I'-th powers of the divisors of n, 

(ii) Bamanujati argued as follows. Wo suppose that F{x, y) is any function 
of the two variables x and y, and tliat 




and define y^{n) as in. § 9.5, so that yt,(n) is or 0 according as p is or is not 
a divisor of n. Then . / n / \ 

for any value of t not less than n; and so 
Din)= 

p^lP \ P/dlv 

Now Cj{n) occurs in this series when j or ^ = j/i, in which case [i S tjj; and 
therefore 

(9.6.3.) D{n) = c^(n) S i fL, 

Suppose in particular that F{x, y) = x^~^. Then 


D{n) = ■■ 

d\n 


■■ 0-l-s(«') 


and 












Finally, if s > 1, and we make t^oa, we obtain (9.6.2). 

(iii) A third proof proceeds on lines like those of the second proof of § 9.5. 
We start from the identity 


ah r 


n 


f. I /(^) I , 




HXvx 


where f{q) is any mnltiphcative function and ru runs through the primes. 
The identity reduces to “Eider’s product” when/({?) = 1. 
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In this case Xw 
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' e ■ “h Oo + • • • > 




and we can quote the formulae (9.5.10). Suppose that is the highest 
power of m which divides n. Then 

= l-'GT-® 

if a = 0, and generally 

, TEr— 1 W(W—1) TtT® 

Xn ■ H “:z5^ 1 ••• H “ 




1 _ ^<a+l)(l-s) 








Hence 


V 

a 3* 


na-^-nn 


1 — -^(aH-Dd-®) ^ cr3^__g(9z) 
1 — 


7Zf\n •*• U7'*' “ C(^) 

by the ordinary formula for a sum of powers of divisors of n. 

In particular, when s = 2, we obtain the formula 

, ^ , of, (—-1)^ 2 cos I- 2 cOs4-'W,7T 2(cOS f 7^77 - -h cos ] 

= + + ^— + -^ + 

for the sum of the divisors of n. The formula shows in a very striking way 
the oscillations of ^{n) about its ‘"average” ^n^n. 

We have supposed that a > 1, when our series are absolutely convergent. 
We can write (9.6.2) as 


(9.6.4) 


g 3® W* 


The first factor on the right is a finite, and therefore absolutely convergent, 
Dirichlet’s series, and the second a Dirichlet’s series convergent for 5^1; 
and therefore, by a familiar theorem on the multiplication of Dirichlet’s 
series, the series on the left is convergent, and (9.6.4) is true, for 5^1. 
Putting 5=1, we obtain 

c^{n) + ^+^+... = 0 

(a theorem of the same depth as the prime number theorem). 

Ramanujan made a nrunber of similar summations, among which 

Ci(n)logl + ^^^log2 + ^^^log3+ ... = —d{n) 


and 


TTiCj^in) 


2^*3 
c^in) , c^in) 




are two of the most striking. 


5 
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The. series 

9.7. a’ho aorioa which is important for our present purpose is not (Q 6 1\ 
l)Ut V • - j 

(9.7.1) F(n)= 

whore ev=-'(7-l..U 0 ( 7 - 2 ), 2 ^ 7 = 0 ), 

tho confrrucucoa being to modulus 4. This series may be summed by any 
ot tho methods of § 9.(i; 1 select tho first as the shortest. I define <r*(n) by 

cr*(n) = crfn) (n odd), 
cr*{n) - o^{n) — cr^{n) {n even), 

crj'(n) and o-"(»i) being tho sums of the r-th powers of the even and odd 
divisors of w; and I i)rovo that 

(9.7.2) 

We have 

Vin) 

say. Here, first. 


/yni.’—s 


V,{n) 


S (Zm)-» S 

<1^1 l'm^q^m\n 


Ml) 


Next, 


■ n (i-i) - 

m>‘i\ nr»; (1-2-»)^(5) 


V^(n) = 2» S 7-“' S /t(«)m=2« S /«(Z)2:-W-». 

If 4 I then /i{l) = 0. Hence we may suppose that either (i) I is odd and 
4 I m or (ii) I = 21^^^ where is odd, and 2 | m. The terms of type (i) give 

where the douhle index indicates a sum over doubly even divisors; and the 
terms of type (ii) give 


s ep 2 


^1-8 _ 


2i“=l,3,... l± 2lm,7nln (1 — 2 ^(s) 

We have not now two alternative forms like those in (9.6.2), since 

=}= crj_^(n) 


when n is even. 
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Collecting our results, we find that 

(1 - 2 “^) C(<5) V{n) = crl_^{n) - erf _^(?^) 4- 2®crf%(n); 
and we have only to verify that 
(9.7.3) ~ 

This is obvious if 72. is odd. If 72. = 2JV, where JV is odd, and ^ runs through 
the divisors of iV", then the left-hand side of (9.7.3) is 
- i7(2^)i-^ = ( 1 - 2 i-«) = (1 - 21 “^) iV^-^ 

= ( 2 ®-i~ l)?zi“«27^®-i == 7^l-^{27(2^)®~-l-i7<J«■-l} == 7^l-«cr*_l(7^). 
Finally, if 72 . = where a > 1 , then it is 

_ ^2^-s 41 -s + . . . 4. + 2®{41-'® 4- 8^"® 4- ... 4- 2^(^-^>} 

= {14- 21-^ 4- 41-^ 4- ... 4- 2(«“iXi-a) _ 2«a-s)} 

= iVr^-s{i + -h 4 I”® 4- . . . + 2^“-iXi-s) _ 2“Ci-«)} 

= 72 ,i-s{ 2 <^(s-i) + 4- ... 4- 2«-i — 1} 

= == 72.i-«cr2Li(^)* 

This completes the proof of (9.7.2). 


The singular series in the problem of 28 squares 
9.8. I must now introduce ideas which are not to be found (at any rate 
explicitly) in Ramanujan’s work.^ They are the ideas from which Littlewood 
and I started in our work on Waring’s problem. 

It is easy to find asymptotic formulae for the behaviour of 
fs) = d'^^{x) = (1 + 2 a; -j- 2x^+ . . . ) 2 ®, 

where x tends radially to a "‘rational point” the unit circle. We 

may suppose that q = 1 , ^ = 0 or that q>l, 0<p<q and (p, g) = 1 . If 

X = re^v-niin 

and r-> 1 , then 00 

d^{x) = 14-22 
1 

g CO 

= 14-22 2 e.^(M+iy^pniiq 

j=Xl^O 
Q 00 

= 1 -f 2 2 

If r = e~^, so that ^-^ 0 , then 


2 ^ig.+l)^ = 2 ; 
2«o z=o 



^Sixa-^oT dx 



er^xH^dx 



^ Except in our joint work on partitions. 
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and hence 

(9-8.1) dix) S^,.a[logiy\ 

where 

(9.8.2) 

is one of ‘‘Gauss’s sums”. If = 0, as happens when q~2 (mod 4), then 
(9.B.1) is to bo interpreted as 

•i^(a;) = oj^log^) y 

It foUows that 

(9.8.3) f{x) ~ rT-«{ymy |log I)-" . 

We now form an auxiliary function which mimics the behaviour of f(x) 
when X approaches the unit circle in this way. It is known that if 

FJfx) = 

1 

then j;(a5)-J'(s)^logi) * 

is regular at a; = 1. Hence, if 

fpA^) = 

then f^Jx) (logi)"* ~/(^) 

when X tends to Thus f^^^(x) “mimics” f{x) near this point; and, if 

we write 

02 ,( 3 ;) = 1 + 'Zfp.gix), 

P,Q 

then we may expect that will mimic f{x) near all rational points 

Q^pnija^ To say this is to say that 0^(x) mimics f(x) very comprehensively, 
so comprehensively that there should be a very close relation between the 
coefficients of the two functions. If this be so, then the way will be open at 
any rate to an approximate determination of r^sin). 

'TtS \2S oo 

Now © 2 s(*) = 1 +-fv“\ s I ) E a;™ 

I \^)p,a \ 5? / 71^1 

= 1 + S P2s(»^) a:™. 



where 


P28(»*') 


Q—%np7tx}g, 
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We can write this as 

(9.8.4) p2s('^) = 
where A^{n) = 1 and 

(9.8.5) A^{n) = 

when g > 1. We are entitled to expect a pretty close relation between 
and P 2 s(^)* o^aly an expectation, since onr analysis has been entirely 

“heuristic’"; but it is plainly one worth pursuing. 

We call (9,8.4) the singular series. Our construction is typical of that 
of the “singular series’" in the general Waring problem. 


Summation of the singular series when 2.$ = 0 (mod 8) 

9.9. The singular series can be summed for aU s. The analysis is simplest 
when 2s = 0 (mod 8), as I shall suppose. 

The Gaussian sum ^ (or simply S^, if we omit the explicit reference 
to p) can be calculated, for all p, g, from the formulae 

^P^QQ' ~ ^P(t,a^PQ>U'> 

=1, S^= 0, /S 22 /. = 2^(1 +iP), 

S^ = ^'Cor, S^2fc = U7>“, S^2/i+x = 

Here q and q' are coprime, and U7 is an odd prime. The formulae for the 8-th 
powers become much simpler, and we find that 

when 25 = 0 (mod 8), being the symbol of § 9.7. It follows that 

A^ = = €^q-%in), 

p(q) 

and that, in the notation of § 9.7, 

(9.9.1) p^in) = V{n). 

Thus the singular series is (apart from the outside factor) Ramanujan’s 
series (9.7.1), and so 

(9.9.2) p^(n) = 

In particular, if 25 == 8, then 

P8(») = 160-3 (»i)- 


( 9 . 9 . 3 ) 
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If 2s = 24, tixeii 

( 1 - 2 - 12 ) 1 2 ) = ( 1 _ 2-12) 21V12 ^ . 

and 

(9.9.4) p.^^{n) = -aVf'^iiXw)- 


The modular functions 

9,10. Wo have strong reasons for expecting to find a fairly close resem- 
blance between and p^Q{n), and further analysis does more than 

would be required to justify our hopes, the correspondence being extremely 
close. Indeed whan 2s the two functions are identical; in particular 

r^in) = pQ{n). 

The proof of this depends on arguments of a quite different character, first 
applied to this problem by MordelL 


9.11. We need the elements of the theory of the modular group and the 
functions associated with it. The modular group F has two forms. In the 
homogeneous form it is defined as the group of substitutions 

(9.11.1) = a(j)j^ + bo>^, o)q = 
where a, b,c, d are integers and 

( 9 . 11 . 2 ) ad — be = 1 . 

In the non-homogeneous form we write 


(9.11.3) 


r = 


C>2 


and the group is defined by the substitutions 


c-hdr 

aH-6r* 


We shall use any of the symbols 



to denote the substitution (9.11.1) or (9.11.3). Pis generated by the repeated 
application of the two substitutions 


C ?)■ (? -i) 


or 


(9.11.4) 


7''~7*-J-1^ T' = 


In what follows we shall always suppose that 
(9.11.6) 3(r)>0, 
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so that 

(9.11.6) 1^1 = ie’^^^|<l." 

'l£r = u + iv, t' = ^6' 4- iv', then 

{c,d-hc)v 
{a + bu)^ + h^v^ ^ 

so that one point in the upper half-plane is transformed into another, and 
only such points are relevant. 

We call the region D defined by 

the fundamental region of F, Each sub- 
stitution of r transforms D into a curvi- 
linear triangle, whose sides are circles and 
whose angles are (Jtt, I^tt, 0). These triangles 
cover up the half-plane without over- 
lapping. 

The fundamental function associated 
with the modular group is Edein’s 

“absolute invariant’’ J{r), which is defined as follows. We write 



Tig. 3. 


9^ ■ 


( J) { 1 + 


9-3 = ffsK, ^ {l - 604(- 

Lng the ordinary invariants of tl 
A = A (Wi, Wa) =gl — 21 gl = 


1 5^2 2^X* 


i + 


...)} 


(these being the ordinary invariants of the Weierstrassian theory). 


x^{{ 1 — x^) ( 1 — £1?^) . . 


and 



Then J (r) is a function of r only, invariant for the substitutions of F, It 
assumes every value just once in D (when proper conventions have been 
laid down about the boundary of Z>), and represents D conformally on the 
whole complex plane (regarded as bounded by the points 0, 1, and oo). 

We call a function which, like J (r), is invariant for F a modular invariant', 
the phrase “modular function” is used more vaguely. The function 

J = J{T) 

plays, for modular invariants, the part played by % in the ordinary theory of 
one-valued fanctions/( 2 ;). Thus a modular invariant, with properly restricted 
singularities, is a one-valued function of J, In particular, if a modular 
^ I use X instead of the usual g, as in hectme VEI, g being required for other purposes. 
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invariant ia regular and hounde.d in Z>, then it is a one- valued function of J 
bounded in the whole |>Iano of J , and accordingly it is constant. 


Ptinctions associated with the sub-group JT^ 

9.12. Wc shall bo ooncerned now with functions which are not modular 
invariants in the full sense just defined, but which are invariant, or ‘‘all 
but^’ invariant, for the substitutions of a certain sub-group of P. 

It is easily verified that tlxe substitutions of which satisfy the congruence 
conditions* b\ /I 0\ /O 1\ , , 

b d}^[o x) (l o) 



form a group, a sub-group of which we call JT^. JTq is generated by 


(9.12.1) 


t' = r-H 2, T' 


1 


It has a “fundamental region” X >3 defined by 

— l<'a<l, u^ > 1’; 

and the substitutions of transform I >3 into a system of triangles, all of 
whose angles are O, which just fill up the half-plane.® 

There is a principal invariant •^(t) of which is related to as J{t) 
is to P (but whose expression we shall not require). A one-valued function, 
invariant for A. ip a one-valued function of and a three-valued function 
of J . Tinally a function invariant for A. and- regular and hounded in 1 > 3 , is 
constant. 

^ Either a and d are odd and 6 and. c even, or conversely. 

* Dg may be described ronghly as formed by fitting together three regions congruent 
to X> (i.e. transforms of JO for snbstitntions of JT). IVIore strictly, it is formed by D 
and one-half of each of the four regions 

D(t+X), X>(t-1), + 

(the transforms of JO by r' = r ■+• 1, etc.). In Fig. 4, jDg is bounded by the thicker lines. 
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Proof that rQ{n) = pQ,{n) 

9.13. The functions 

= = '^8(0, r) = (H-2i» + 2a;4-f...)8 

and Os = Os{x) = 1 + S P&{n) 

where x = are one-valued functions of r. If we can prove that 

(A) 'd'~^Os is invariant for A, 

(B) ‘d'~^Os 'regular and hounded in 

then it will follow firom the general theorem of § 9. 1 2 that S’~^Oq is a constant, 
which is plainly 1 ; and Jh-om this it will follow that 

r^in) = ps(n) = 16 af(n). 


Proof of (A) 

9.14. It is sufficient to prove that 'd'~^€>s is invariant for the two sub- 
stitutions / i\ 

A(r+2), A(--) 


which generate A- We can prove, quite generally, that ^-^ 02 s ^ invariant.' 
In the first place 

(9. 14.1) ^28(0, T + 2) = ■^28(0, t), 

(9.14.2) = t*^28(o,t). 


by the familiar formulae for the linear transformation of the ^-functions. ^ 
It remains to determine the behaviour of 6>25. It is obvious that 6>25 is 


^ We are supposing 2s = 0 (mod 8), but the proof is very much the same in other cases. 
® We shall require the full table for the functions 

^,(0, T) = 23!* + 23!* + 23!^ + . . 

-^3(0, r) = l-h2ic + 2cc* + 2 a 5 ® 4 -..-» 

*^4(0, r) = 1 — 2a; + 2a;*~-2a;® + ..., 

which is 

•»,(0,T+1) = -S-aCO.T+l) =!^3(0 ,t), •&4(0,r+l) =i9-4(0,t). 

Here and ^ has its real and imaginary parts positive- The notation is 

Tannery and Molk’s, and '^•^(0, t) — ^(0, r). 
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invariant for Binco x is invariant for so that is invariant) 

This will also appcaj- incidentally from the analysis which follows. 

The function i^(x) of §9.8 is elementary. In fact, i£ x = e~y, so that 

y sss ^nir, 

/ d 


Also 
and so 


\dy) ^ (y + 2mTiy^ ~ ^ \y + '2nm)» 

_ ^7n5{r-(2p/a:)}^ 

1 


V, 1 

TT® J^(2w-t)“' 




-- oo — V 4- (2^/g)}« ’ 


TT® e 


Hence 




(9.U.3) - . H- - 1 +^£ 55 ^-^, 

where the range of summation is defined by 

1,2,3,-..; 0<p<q^ (i5»9') = I; —co<n<co 

(except that ^ == 0 when g = 1). 

We can write (9.14.3) in the form 


(9.14.4) 


i + s> 


f:^ai^p-qrr 

where q == 1,2, ... and p runs through all values (positive or negative) prime 
to q; and this is 

1 2® 

(9.14.5) 6>2«=1+ S — r+ S ^ 

\=es....i^-gtrr\~es....i2p-qTy 


^ S-S,... (2jJ - 2 T)« (p - qry 

= 1+2 i 

tiP-qrY’ 

where now g = 1,2,... and p runs through all values prime to and of opposite 
parity to g. 
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We wish to remove the restriction that p should be prime to We can 
do this by multiplying both sides of (9.14.5) by 

7j(s) = (1-2“«)^(5) = l + 3-« + 5”«+.... 

We thus obtain^ 

(9.14.6) = ^(g)+ 

where g == 1, 2, 3, andp runs through all values of opposite parity to g. 
We may also write this in either of the forms 

(9.14.7) 7j{s)S2s=' 2 ^tY (s'™ • •• j d- g= 1), 

(9.14.8) V{s)e^ = {p + qm\). 


Here the congruences are to modulus 2, and g, in (9.14.8), runs through all 
integral values. 

If we write rji^s) = X(j)o 

then it follows at once from any of (9.14.5)-(9.14.8) that 


Xi'r + 2) = x{t)- 

This, as I pointed out, obvious from the beginning (but a, useful check 
on our analysis). 

We use (9.14.8) in investigating the effect pf the substitution It gives 



p+^i(pr + qy 
~ ^’1p+|Li(P-9'7-)« 




on replacing p, g by — q, p. 

Thus xir) is affected by and S 2 in just the same way as and S'~"^02a 
is invariant for and 8^ o,nd therefore for JTg. 

We have thus proved (A). More generally, we have proved the invariance 
of 'd'-^& 2 s whenever 25 = 0 (mod 8). 


Proof of (B) 

9.15. The functions 'd'^ and are defined by power series in a; — 
convergent in the circle ] a: | < 1 or the half-plane rc> 0. Also 

d'ix) = n {(1-^^^) (1 +a;2^”^)2} 

1 


A pair (p, g) of opposite parity is of one of the forms (P, Q), (3P, 3^, . . .), where P 
and Q are eoprime and of opposite parity. 
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has no zeros ia tlie circle. Hence is I'egular for [ ] < 1 or >0. It is 

hoiiadcd in any closed part of 1)^ which excludes the two points in which 
./>.j abuts on the real axis ; and therefore it is bounded in Dg if it is bounded 
in the neighbourhood of the two i)oint8 r = ± 1. It is plain that we need 
(consider only the point r =: 1. . 

We write 

(9.15.1) r=l-;f,, T=-~-, 

and suppose that 1 inside Dg, so that 0<'Z^<1 and u^ + v’^>l. If 

T^U + iVthen 

rj ^ ^ _ 

BO that 0 < U' < 1 and F -> oo. Hence T -> oo inside D^, and 

X =: 


^8(*) = ^§(0, r) = ^I^O, 1 -i) = T*^i(0, T) 
= T^(2Xi + 2X2 + ...)», 


so that 

(9.15.2) ^8-256T4X2 

when T 00 and X--> 0. We require a similar formula for Oq. 
We have from (9.14.8) 




iT4X 


{q + (p-q)TY 


{p + q=\) 




® (g+PT)«’ 

where now Q runs through all integers and P through aU odd integers. If 

|P1T = C, I = = Xi^i, 


i(0H-PT)‘-|(e 


1 


= if^Y 
eldd 


TT* cosec* Trf 


'{Q + Q^ 

1 / d \* 47r*e*’'*'^ 


= - + . . . ) 

— |7r*(e*’''‘C + 2®e*'''«e + 3®e8’^« + . . . ) 

= |■nr*(X*l^’l + 2SX*l^’i + 33X®l-r'l +...). 
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We have to sum this with respect to P, but we need only the lowest powers 
oiX, and occurs only for P == ± 1 . Hence (9.15.3) gives 

or 

(9.15.4) 

Finally (9.15.2) and (9.15.4) show that is bounded when r-^l, and 

therefore bounded in Pg. 

It follows that is a constant, which must be 1, and that r^{n) = PsC^)* 

24 squares 

9.16. We proved in §9.14 that is invariant for Pg whenever 

25 = 0 (mod 8 ), and this is true in particular when 25 = 24. If '^“^^ 6^24 were 
bounded in Pg, it would follow that = 6^34 and r 24 (^) = 
is untrue. The correct formula, which was found first by Ramanujan, and 
which I shall proceed to prove, is 

(9.16.1) ^24(^) = 
where 

(9.16.2) g{x) = a?{(l — a:) (1— ic^) (1 — a;®) ...pS 

so that 9{^^) = iK^{(l — (1 — (1 -- = h^^{r), 

in Tannery and Molk’s notation. This last function is, apart from a factor 

of homogeneity, the discriminant /l(a>i, 

We require the formulae for the linear transformation of h{r). These are 

(9.16.3) ^(t + 1) == 

(9.16.4) = e“l’*‘^^T^(r). 

We shall also use one other formula, viz. 

(9.16.5) 

This belongs to the theory of quadratic transformation, but is a simple 
corollary of the product formulae for h{r) and ' 59 ' 3 ( 0 , r). 

The three functions 

(9.16.6) '^“2^6^24, ^-^^g{x^) 

are all invariant for Pg. We have already proved the first invariant. The 
invariance of the third follows from the formulae 

g{x^) = h^{T), A24(t + 2) = 
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Finally g(-^x) ^ == 

by (9.16.5), and the invariance of the second of the functions (9,16.6) 
follows from the formulae (9.14.2) and (9.16.4). 

Hence + ^9i — x) + figix^)} 

is invariant, for any a and fi. We shall prove that it is possible to choose 
a and /? so that is bounded in D.^. For this, we use the substitution 

(9.15.1) of § 9. 15, and examine the behaviour of all the functions concerned 
when T“>cx). 

(i) First, by (9.15.2), 

(9.16.7) 1 - ^^) ~ 

(ii) Secondly 

g{-x)^- h^Hr) T) = - 1 - i) 1 - i) 

= Ai2(_ -1) = T) 

= Ti2X{(l -X’^)(l-X^).. (2Xi + 2Xi + . . .)i2. 

Hence 

(9.16.8) g(-~^) = 0(X^)}. 

(iii) Thirdly 

gix^) = h‘^*ir) = A=**(l-|:) = 

= Ti%2*(T) = Ti2Jf2{( 1 - X2) ( 1 - . . .}2*, 

(9.16.9) g(x^) = Ti2{X2- 24JC4+ 0{X^)}. 

(iv) Finally we have to determine the behaviour of 6 > 24 , which can be 
done by calculations like those of § 9.15. We have now 

^ V 1 ^ 

'^((2 + PT)i 2 ^((2 + ^)i 2 11 ! Ud QiQ + Cr 

- (e2”-^f + +...) 

^ (27r)i2 
11 ! 


(X2lJ?l + 2iiX*IJf“l + ...)• 
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It is again only the terms with P = + 1 that matter, since P = + 3 yields 
0(X®). Hence we obtain 

(9.16.10) 


^24 = 211X4+ 0(X«)} 


11!9;(12) 
214 


T12{X2 4- 211X4 4- 0(X®)}, 


on inserting the value of ^(12). 

We have to choose a and ^ so that 

^ {X2 + 211X‘ + 0(X«)} + a2i2{X« + 0(X6)} 

+ >ff{X2-24X*+0(X6)} = 0(X6). 

It will then follow from (9.16.7), (9.16.8), (9.16.9), and (9.16.10) that 
is bounded. Equating coefficients, we find that 

a : 

and (9.16.1) follows. 

The function T{n) 

9.17. We define T{ny as the coefficient of in 


— 33152 

“ 691 > 


/? 65536 

H — 691 5 


Then, after § 9.9, 


g{x) = a;{( 1 - ic) ( 1 ~ a;2) . . .}24 == 2 r{n) 

1 


Also 


6>24 = 1 + S Pa4(») = 1 + ^ S 

1 1 

g{ — x) = J!t( — l)'^T{n)x'^, 
1 


and g{x^) = 

1 

if we agree that T(y) means 0 when y is not an integer. Hence finally we 
obtain Ramanujan’s formula 

(9.17.1) rz4^{n) == -^ or*i(7i) 4- e24(n), 
where 

(9.17.2) e^^in) - i|f {( - 1)’^-^ 259r(n) - 512r(i^)}. 

9.18. The function T{n) has been defined only as a coefficient, and it 
is natural to ask whether there is any reasonably simple ‘"arithmetical” 
definition ; but none has yet been found. In the next lecture I shall discuss 
some of the most remarkable properties of the function. I must however 

^ I retain Bamama^ii’s notation. The collision of the r in T(n) and the r in is a little 

imfortianate hnt is not likely to cause confiision. 
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prove somotiiing Iiere ihhout the order of t(7i), since I have to justify my 
asBeriionj in §9.3, that r.^^(n) is dominated/” by pz^(n). 

It follows ixom a forinxila of tJacobi which I have quoted several times 
already that 

™ x{(l ~rr) (1 ^ x(l - 3x + 7x«+ ...)8, 

the oxf)oiK5ntH in the series being the triangular numbers. Now (1 - 3x+ ...)8 
is majorised by . ^ 

I S (2n-l- , 

lu-«o j 

which is of order (1 — x)"*”® when x— > 1.^ Hence 

[ r{n) 1 x‘" < U I r(n) | x^^ < ^(1 — x)~®, 

where -d is a constant, for all n and x. Taking x = 1 ~ n-^, when x^ is about 
we hnd that 

(9.18.1) r(n) = 0(n^), 

On the other hand 




11 ! ^ ’ 


and the series is greater than^ 


3 4 5 7 212.8 

^ 312 412 512 712 

Hence crj'i(n) is greater than a constant multiple of and 

is dominated heavily by its leading term. 

The order of T{n) is really a good deal smaller than is shown by (9.18.1). 
Ramanujan showed, by a more sophisticated method, that 

(9.18.2) r{n) = 0{'nP); 

and I showed later, by a function-theoretic method, that 

(9.18.3) r{n) = 0{n^), 

I shall prove a better result, due to Rankin, in Lecture X. It is very plausible 
to suppose that (as Ramanujan conjectured) 

r{n) = 0{n^+^) 

for every positive e; but these questions I must postpone. 


* That of or of , where e""’' = x. This is that of 2 /“® or (1 — •») *. 

* Using the crude inequality [ c^{n) | ^w. 
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The representation of numbers as sums of squares 

9 . 19 . I conclude by repeating that the results which we have proved 
are typical of those in the general problem of 25 squares. We can always 
express as the sum of a number, fixed by Kamanujan and Mordell, 

of terms defined as modular coefficients; and each of the coefficients gives 
rise to a series of problems resembling those arising from r{n). In some cases 
it is possible to define them fairly simply in arithmetical terms. In all cases 
the number of representations is dominated by the divisor function P2s(^)* 


NOTES ON hECTXJRE IX 

§9.1. There is a full account of the history of the classical theorems concerning 
representation by two or four squares in Dickson, History^ ii, chs. vi and viri. 

Jacobi’s results concerning 2, 4, 6 and 8 squares are quoted by Smith on p. 307 of 
his Report on the theory of numbers {Collected papers, i, 38—364). They are contained 
implicitly in §§ 40—42 and 65—66 of the Pundamenta nova. Liouville gave formulae 
for 10 and 12 squares in the Journal de math. (2), 11 (1866), 1—8 and 9 (1864), 296—298. 

Gauss, Disquisitiones arithmeticae, § 182, stated a theorem equivalent to (9.1.1). 

Glaisher, Proc. London Math. Soc. (2), 5 (1907), 479—490 (480), gives a systematic 
table of formulae for r^sCn) up to 2^ = 18, He had obtained these formulae in a series 
of papers in vols. 36—39 of the Quarterly Journal of Math. The formulae for 14 and 18 
squares contain functions defined only as the coefficients in certain modular functions 
and not ‘arithmetically’. Ramanujan, in no. 18 of the Papers, continues Glaisher’s 
table up to 25 = 24, and gives a general identity for 0-^^{x) which was proved after- 
wards by Mordell (in the first paper mentioned in the note on § 9.4). 

Boulyguine gave general formulae for r 2 s{n) in which every function which occurs 
has in a sense an arithmetical definition. Thus the formula for rzsin) contains functions 
of the type 

where 0 is a polynomial, t has one of the values 25 — 8, 25 -- 16, . . ., and the summation 
extends over all solutions of + =■ n. There are references to Boulyguine ’s 

work in Dickson’s History, ii, 317, and the papers of Dspensky quoted below. 

Dspensky has developed the elementary methods which seem to have been used by 
TiouviUe in a series of papers published in the Bulletin de VAchd. des Sciences de 
rURSS and other Russian periodicals: references will be found in a later paper of 
Ms in Trans. Amer. Math. Soc. 30 (1928), 385—404. He carries his analysis up to 12 
squares, and states that his methods enable him, to prove Boulyguine ’s general formulae. 
They can also be applied to many other problems concerning representations by 
quadratic forms. 

H. Bessel {Dissertation, Xonigsberg, 1929) has developed Diouville’s methods 
independently, and gives formulae up to 25 = 16. 

I am not concerned in tMs lecture with odd values of h, but it may be useful to add 
a short note on the subject. The functions r^{n), rQ{n), and r^{n) may be expressed as 
finite sums involving symbols of quadratic reciprocity. Thus r^in) was evaluated in 
tMs form by DiricMet, and rg{n) and r^{n) by Eisenstein, Smith, and Minkowski. 
When = 3 the problem is, as had been shown long before by Gauss, much the same 
as that of finding the number of classes of binary quadratic forms of determinant — n. 

The results do not seem to have been worked out so systematically as those for 
even Jc, and it is not possible to refer to a comprehensive statement of them, though 



lEorts 


158 The represe/fdalMm of numbers as sums of squares 

many formubw^ <^an ftnind, in <ih.s. vxi and ix of tho socond volume of Dickson’ 
llwtory and ch. x. oi* DachmannAs DU ArithmeUk vtm quadratischen Formen (I Abthei^ 
lung). 

Thnr<^ am two complt^t(^iy (lilToront Holntionn of tho 5 and 7 square problems, the 
hi-rif-hmotic ’ Bolution ol' Miukow.ski and Smith and tho ‘ function-theoretic ’ solution 
of Hardy and MonUai. Bachmaun gives an account of tho first and Dickson, Studies 
in the theory of numbers, <di. xxn, of t-htj HCicond. Rcsforonces to the work of Hardy and 
IVIonloll are givt^n in the note to § 9,4. 

':rius forniuhus art^ g(uierally Htated, wlum k is odd, in terms of primitive representation 
(in wluc-h havt^ no common factor). Tho simplost formulae are due to 

IJiricldet and KiHcuiBttdu; thiiH tlui number of primitive representations of an odd n 
by 3 BcpiaroB in . . . 

24 E f ) {n=l), 8 E r ) {n = 3). 

H • : in V « l: '■ i n \^V 

J generaliwation of Hitsgcindro’s symbol, and the congruences are to 

modulus 4, hkHtaiHt<sin's formulae for 5 and 7 squares aro proved by Bachmann. Bor 
refortiUcevH see Dickson, History, ii, 203 aird 305. 

§9.2. Tho formulae^ (9.2,2) and (9.2.3) occur in Gauss’s posthumous work. See the 
reforoncoB given by Dickson, History, ii, 283. 

There is a proof of (9.1.1), by moans of Gaussian integers, in Hardy and Wright, 
240-242; and one of (9.1.2) and (9.1.3), by means of integral quaternions, in Dickson, 
Algehren und ihre Zahlentheorie, Kap. ix (sco in particular 181—182, Satz 22). Landau, 
Vorlesimgen, i, 110-113, gives an eloinontary doduction of (9.1.2) and (9.1;3) from 
(9.1.1). 

Harnanujan’s pi’oof of (9.2.3) occurs in no. 18 of the Fapers; the formula is (17) on 

p. 139. Tho proof is rex)roducod by Hardy and Wright, 3 1 l-S 14. Ramanujan seems to 

have used similar arguments frequently; Watson (10) points out that the familiar 

forxmfiao *> , o i i , 7 .> ^ i 

on-* u + Bn** u = I, dn-* u + sn- u = 1 

appear, in tho note-books, as idontitiG.s betwoon g-sorios to be proved by elementary 
calculation. Formula (18) on p. 139 of the Papers may be reduced to the familiar form 

P'(u) = 6^a(w) - iOa- 


Thus Ramanuj an deduces tho difforontial equation, satisfied by p(u),hy direct algebra, 
from its expansiox|.as a trigonometrical series. 

§ 9.3. The formulae for r^Q{n) is Liouvillo’s: see the note on § 9.1. 

It may happen that e^sin) = 0 for special forms of n. Thus 

eio(»i) = = 0 

if n is not a sum of two squares, and = 0 if n is oven. These results, due to Liou- 

ville, were rediscovered by Glaisher. 

In order that = 0 for all n, it is necessary and sufficient that 25 ^ 8. In these 

cases only r^^i'^) is a ‘divisor function’, represented by the ‘singular series’ of §9*8. 
The ‘ reasons ’ for this have been shown in a new light recently by Siegel, Annals of 
Math. (2), 36 (1936), 627-606. 

The theory of the representation of n by the special form 

( 1 ) + 

can be extended to general definite quadratic forms in k variables. There are a certain 
number of genera of forms of a given discriminant, each containing a certain number 
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of classes. If we select one representative of eacli class of a given genus, and define 
N{n) as the total number of representations of n by one or other of these representatives, 
then N{n) is the sum of a singular series like those of § 9,8. 

If the discriminant is 1, then (1) is a representative of a class in the principal genus. 
In order that there should be only one such class, it is necessary and sufficient that 
8. In this ease only is rj^{n) the sum of the singular series. 

I follow Ramanujan’s notation except for a factor 2. He writes 

so that his rgs, and are half mine. 

§ 9.4. The work of Mordell and myself is contained in 

Mordell, Qiiarterly Journal of Math. 48 (1917), 93—104 and Trans. Gamh. Phil. 
Soc. 22 (1919), 361-372; 

Hardy, Proo. Nat. Acad, of ^Sciences, 4 (1918), 189—193; Trans. Amer. Math. Soc. 
21 (1920), 255-284. 

§9.5. ‘Ramanujan’s sum’ occurs in earlier writings, and (9.5.3) seems to be due 
to Kluyver : see Papers, 343. But Ramanujan was the first to appreciate the importance 
of the sum and to use it systematically. The proofs of (9.5.3) given here are taken from 
the Papers, 180, and from Hardy (7). 

For the Mobius inversion formulae see, for example. Hardy and Wright, 23^237, 
or Landau, Handhuch, 577—582. 

§ 9.6. The three ways of sumxning (9.6.1) are due to Estermann, Proc. London Math. 
Soc. (2), 34 (1932), 194-195; Ramanujan, Papers, 180-185; and Hardy (7). Ramanu- 
jan and Hardy prove many other formulae of the same kind. 

For the formula for cr-^_Jn) see, for example. Hardy and Wright, 238. 

The theorem on multiplication of Hirichlet’s series referred to near the end of the 
section is proved in Landau, Handhuch, 671—673, and on pp. 63-64 of the tract of 
Hardy and Riesz quoted on p. 69. 

§9.8. Ramanujan formed ‘singular series’: thus the series (11.11)— (11.41) of 
no. 21 of the Papers are the singular series relevant in this problem. But his approach 
to them is quite different; he determines the ‘divisor-function’ B^s{n), as an approxi- 
mation to r^fn), independently, and then expands it as a singular series. Here the 
singular series comes first, and B 2 s(n) appears as its sum. 

The phrase ‘singular series’ has been used differently by different writers. Thus 
Littlewood and I have sometimes called LAf^(n), without the outside factor, the 
singular series. 

§ 9.9, The formulae for Sj,^g will be found in Baohmann, Analytische Zahlentheorie, 
ch. vn. 

If h (here 2a) were odd, then jS'* ^ would involve a Legendre or J acobi sjunbol, which 
disappears when h is even. This is the origin of the Legendre or J acobi symbols in the 
formulae for r^in), rQ{n), 

§9.11. The standard treatise on the elliptic modular functions is EZlein-Fricke, 
Theorie der elUptischen Modulfunhtionen, 2 vols, Leipzig, 1890—1892. This is very long 
and elaborate. Vivanti’s Fonctions polyedriques et modulaires (French translation by 
A. Cahen, Paris, 1910) is a more elementary book designed “permettre au lecteur 
d’aborder sans difficult6s les logons classiques de MM. Edein et Fricke 

Hurwitz has given a self-contained account of the theory in two papers in the 
Math. Annalen, IS (1881), 528—592 and 58 (1904), 343-360. This contains proofs of 
the theorems quoted here. 

There is a clear account of the elementary geometry of the modular group in Copson’s 
Theory of functions of a complex variable, ch. xv. 

Hr Heilbronn has shown me the following simple and direct proof of the theorem 
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qaotcHl at the end of tlio Hcciion, Bupposo that/(r) is regular and bounded for §(t) >0, 
and that / i\ 

/(r+l):=/{r), 

Then g{x) = =/(r) cannot Iiave an oBsontial singularity at the origin (since 

then it would aHSuino arbitrarily largo valucjs near the origin), nor a pole (since then it 
would tend tio infinity); and so it is regular at the origin. We may therefore suppose 
(subtracting a conHtani; if necosBary) that /(r) 0 when ^(r) ■“> oo. 

Now I /(t) I attains its up[)or bound M in D at a |.)oixit on the boundary of D (and not 
at infinity), so that there is a finite Tq on t/ho boundary of D for which | /(r^) | = M, 
If /(r) wore not constant, there would bo a near Tq for which | /(t^) [ > | /{tq) | = M, 
But there is a in D for which /(r^) =/(ri), and so | /(r^) | >lf ; a contra^ction, 

§§ 9.14r-15» The proof follows the second paper of Hardy quoted in the note on § 9.4. 

§9.17. (9.17.2) is formula (14B) on p. 169 of the Papers. There is an error of sign 
in formxila 7 of Table VI: Eamanujan seems to forgot momentarily that g{ -x) begins 
with - X and not x. In any case, as I remarked in the note on § 9-3, his and e 24 (n) 
are half mine. 

§9-18. Bamanujan’s proof of (9.18.2) is to bo found (as a special case of more general 
theorems) in the Papers, 146-148 and 163, or 160; and Hardy’s proof of (9.18.3), 
which is reproduced in a slightly different form in the next lecture (§ 10.8), in Hardy (9). 



RAMANUJAN’S FUNCTION T(n) 


10.1 . I proved in Lecture IX that 

1 128 

(10.1.1) r24(»i) = ^Ou{w) + ^{(-l)”-^269T(n)-612r(i5»)}, 

where cr*i(n) is a simp le “divisor function” of n, and T{n) is defined by 

j (10.1.2) g{x) = x{(l-x) (l-a;2) ...}24 = Y'T{n)x'^. 

\ ^ 

I shall devote this lecture to a more intensive study of some of the properties 
of r{n), which are very remarkable and still very imperfectly understood. 
We may seem to be straying into one of the backwaters of mathematics, but 
the genesis of T{n) as a coefficient in so fundamental a function compels 
us to treat it with respect. 

The multiplicative property of r{n) 

10.2. The coefficients in many modular expansions have simple arith- 
metical meanings; thus the coefficient in 

d^{x) == (i-f 

is rg(%). But r{n) has no such obvious interpretation/ and its arithmetical 
properties are still very obscure. 

Ramanujan conjectured that 

(10.2.1) r{nn') = T(n)T{n') 

if {n,n') — 1, i.e. that T{n) is multiplicative', and this was proved a Httle 
later by MordeU. Mordell’s proof is very instructive, and sufficiently simple 
for insertion here. It depends on the identity 

(10.2.2) '^7{pn)x'^ = T{p)Yi'T{n)x^'-p^'^r{n)x^'^, 

1 11 

where p is prime. 

^ Jacobi’s identity shows that 

= x(l — Sx-\- 5x^—1 

1 

Hence T{n) := 2J(- l)«l+«2+-+«8(27^l + 1) (2^^ + 1) . - . (2ns +1). 

the smnmation being extended ovef all representations of — 1 as a sum 

8 8 

E in,K-+l) = E h 

i=i i=i 

of 8 triangular numbers but this interpretation is not illuminating. 
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Ramanujan's function r{n) 


Wo write, as usual 

(10.2.3) w,) = ( (1 -a:*) ...p^ 


where x -■ t = 111011 A(o>i, o).^) is invariant for the substitutions 


(; 



which replace by 0 ^ 3 . + e >2 respectively. We prove 

brat that 

p-i p-i 

(10.2.4) P ~ '^^'^ 2 )’+' S ^(Po^ly ^COi-h(i>2) = 2 ^ 0 + S 

a :==0 

is invariant for aS\ and and therefor© for all the substitutions of the 
modular group /\ 

First, 6\ loaves Uq unaltered, and permutes the v^., so that P is invariant 
for JSj^, 

Next, S 2 changes P into 

jp~i 

A(-(Oz, pcui) + A(-p(o^,<>Ji)+ S A(-p(02, o^i-KOJz) 


p-i 

= /I(j)Wi,6>2)+J(wi, JPW2)+ S A(-pci>^, (Di-Kco^); 

K‘^1 

and, in order to prove P invariant, it is enough to show that 


(10.2.5) J(— — XO 2 ) ~ ^(poJi, /c'oi + cjg), 

where /c' runs through the values 1, 2, p—1 with /c, or through these 

residues (modp). 

We take a ^ —k, b = p, 

and determine c and d so that 


ad-— be = --Kd—pc = 1. 

Then k' = d runs through the residues required. Also 

— + ==P^i» '-cpoj2 + d{oJi—KO)^) == /c'Oi + a)2» 

and so ri(— (o^ — kcj^) = ^(pcoj^, at'^i + c^^), 

which is (10,2.5). 

It follows that P is invariant for P, and therefore that 

® “ J(£Ui, Wa) 

» is invariant. 
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Now 

(10.2.7) 

/ ^ \12 CO f ^\12 CO 

= A{(0^, pa>^) = i^—J ^T{n)x^P\ 

and ^ 

(10.2.8) ^2 A{po):i, ko)^ + o)2) == j 2 r(n)x^^^^ 2 

/f=0 \P<^1/ n=l jc=0 

/ Tjr \ 12 cso 

"" (:;j7r) P S T(^%)a;a^ 

\P^1/ n=l 

since the sum with respect to /c gives p i£p\n and 0 otherwise. Hence the 
expansion of P in powers of x begins with 

p-^^r{p)x^, 

while that of A (co^, co^) begins with 



It follows that Q = PjA is bounded in D, and therefore constant, so that 

(10.2.9) P = p-^^{p)A, 

Finally, substituting from (10.2.7)-(10.2.9) into (10.2.4), we obtain (10.2.2), 
with in place of x. 

We can now prove (10.2.1). It is suffi-cient to prove that 

(10.2.10) t{p^) == r{p^)r(n) 

for every A, p being prime and (n, ^) == 1. This is obvious when A = 0. If 
we equate the coefficients of x'^ in (10.2.2), we obtain 

T{pn) = r{p)T{n), 

which is (10.2.10) for A = 1. If we equate those of where A> 1, we 

obtain 

( 10 . 2 . 11 ) T{p^) = r{p)r[p^-^)-p^hr[p^-^), 
and in particular 

(10.2.12) == t( jp) r(p^”^) — p^V(^^"^). 

Hence, if ■“ 

we have '^^a — '^(p)'^a-i“P^^a- 2 * 

But Ux = 0 when A = 0 and A = 1, and therefore 6 for aU A. 
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limnamijan^s function r(n) 


The funcMoji F{s) =27- 


T{n) 




10,3. FroBi ( 10.2. 1 ) wc can deduce a remarkable formula for the Biriohlet’s 
sericB 

(10.3.1) :f{s) 


V 

X 


I proved in § 9.18 that r{n) — 0 {n^), 

so that ( 10.3.1) is absolutely convergent for cr = 91(^) > 9. We shall see later 
that much more tliari this is true, but this imperfect result is sufficient to 
show that the transformations which follow are valid for sufficiently large cr. 
Since r{n) is multiplicative, wo have 


(10.3.2) 

ns) = n 

where 


(10.3.3) 

T(p) r(p^) 

Xp==^+ p^ + -- 

We can calculate t(j/) 

in terms of r(^) from (10.2.11), and so determine Xp' 

We write 


(10.3.4) 

cos^p = \p~^^ 

(10.3.5) 

= _p““V^r(jp^). 

Then (10.2.11) gives 

cos + ^a -2 = 


But ^0 = 1 = , 

^ sin 0^ 

and it follows by induction that 


^ - sin 2$^ 

aj^ 0= 2 cos^p — 


sind?« 


and 

(10.3.6) 
Hence 

(10.3.7) 


sin(A+ 1) Ojp 
sin <9^ 

r(p^) = . n 

Bind. 




M - ^V.Ag^..O±i),^g 


= l-2p¥-co8^+2,S 


l — r(p) p-^ -f ’ 

and 

( 10 . 3 . 8 ) m-nx^-a 

This is the analogue of Euler’s product for C( 5 ). The series and product are 
absolutely convergent for sufficiently large cr. 
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Ramanujan^ s function T{n) 


From (10.2.1) and (10.3.6) it follows that 


(10.3.9) 


r{n) = n^TI 


sin (A+ l)<9p 
sin 


\£n — Up^. 

The function F{s) also satisfies a functional equation of the same type as 
that satisfied by ^( 5 ). It will be convenient to defer the proof of this to 


§10.9. 


Congruence properties of r{n) 


10.4. The results of § 10.2 enable us to prove a number of curious arith- 
metical properties of r{n). These have a certain resemblance to those of 
p{n)y which I spoke of in an earlier lecture; but they are naturally more 
numerous, since T{n) is multiplicative. 

Suppose that p is prime and that 

(10.4.1) '7‘(p)^0 (modp). 


Then (10,2.12) and (10.2.10) show that 

(10.4.2) r{pn)^0 (modp) 

for every n. Ramanujan tabulated r{n) up to n = 30, and his table shows 
that (10.4.1) is true for 

(10.4.3) p = 2,3,5,7,23; 

so that these primes have the property (10.4.2). 

The last two primes yield further properties of T{n), which do not depend 
upon the multiplicative property. We can write g{x) in the form 

g{x) = ZT{n)x'^ = X II{\ — x'^Y‘^ 


Now ( 1 — = 1 — (mod 7), 

(l_iC^) 21 = l_3^77^^3^14n_^21n (mod 7), 
and 77(1 — a;”')^^ = i7c^cc^, 

being divisible by 7 whenever p is not. Also 

i7( 1 - a;^)^ = ^( - 1 )*' (2 j^ + 1 ) 
by J acobi’s identity. Hence 

ZT{n) = ZZ{ — !)»' (2]t^+ 1) 
and T{n) = 27( — 1)*^ {2v+ 1) 

the summation being over all fi and v for which 

n — l)+/4-i- 1. 

1) = 0, 1, 3, or 6 (mod 7), 

/t-f- 1, + or /t-f-4 (mod 7). 


Now 
so that 
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If n ^ 3, 5, or 6, //. cttiinot be a multiple of 7, and then is a multiple of 7. 
Hence T(7m4“A:)sO (mod 7) 

for yb = 3, r>, f) as well as for ^ = 0. 

We can prove similarly (using Euler’s identity instead of Jacobi’s) that 
r(22m 4- k) ss 0 (mod 23) 
when h is any quadratic non-ixisidue of 23. 

10,5. 3^110 c.o ngruen c*ea of § 1 0 . 4 are satisfied by all n of certain arithmetical 
I)rogressions. There are also congruences satisfied by “almost all” n. 
For example 

(10.5.1) r{n)^0 (mod 5) 

for almost all n (in the sense of § 3.4). 

We begin by provitig that 

(10.5.2) r{n)^n(r{n) (mod 5), 

where <r(?^) is the sum of the divisors of n, for all n. This depends on fVo 
identities in the theory of the modular functions, viz. 

(10.5.3) = 1728g(a;), 


and 

(10.6.4) = 

where 




X 2x^ \ 

( 10 . 6 . 6 ) 

p- 1 - 24(5 



/ 

X 2^x^ S^x^ 

( 10 . 6 . 6 ) 

Q = l + 240( 

4_ ^ 4- . . 

l^x 1 — x^ 1 — o;® 


.0 / 

X ^ 2^x^ 

(10.6.7) 

iJ = 1 _ 6041 

l-9;'^l-a;2+i_a;3+"- 


The identity (10.5.3) is familiar, but I have not seen (10.5.4) anywhere 
except in Ramanujan’s work. 

We can deduce (10.5.4) from (9.2.6). We have 

ieoti^ 2^ 24 1440 

(Jcot = 4 ^“^ + 9 ^+ 

% sin 0 + W2 sin 20 6 ^+.-., 

24 1440 
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Ramanujan’s ftmction r{n) 

Ui( 1 + «i) cos <9 + Wa( 1 + « 2 ) cos 26» + . . . 

* , 1 / a: , 22a:^ , 

- cos 6) + 2z6a(l - cos 2^) + . ..} = 0^+..., 






Q 

1440 



11 x x^ 

~ 4^~^'*'(1— a:)2'^(l-a:2)2‘^ 

^L960 2\(l-a;)2 (l-a:2)2^ 


■)] 


0 ^+...; 


and (10.6.4) foUo-ws by equating the coefficients of 0^.^ 

It is now easy to prove (10.5.2). For n^ = n (naodS) for all n, and so 

J2 = 2lPsP (mods), 
wbile ^=1 (mods). 

Hence 1728PT(%)a3" = Q®— — P® (modS). 


00 

But <3 - P® = 288 S 71-^2 = 288 S S 

CO 

= 288 2 'i^o'{n) a;”*, 

1 

so that T(n) = 6t(^) s ncr{n) (mod 5). 

In order to prove (10.5.1), then, it is sufficient to prove that 
(10,5.8) or(n) = 0 (mods) 


for almost all n. 


10.6. The congruence (10.5.8) expresses a special case of the more general 
theorem that 

(10.6.1) (r{n)^0 (modA;) 

for every h and almost all 71.“^ TV^e may plainly suppose that h is prime. 

We denote a general prime by and a prime of the special form hm — 1 
by ur, and write ^ _ H H 

^■sip'XS W 

^ Equating the constant terms gives ^ 

( X 1 

•which is easily verified directly, 

* Still more generally, crg{n) = 0 (mod h) for all odd s, all k, and almost all n* 
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Tiioii 

If (X in odd tlioii 


Jiamamij art's function r(n) 






II 


^a-M_ I 
TF — 1 


TTj-aM — X 
T77-~ 1 


— 1 


(mod^), 


wince tith- I ehO (inod/c) and the wecond factor is integral. It follows that 
(10.6. 1 ) is tx’iie uuloBH (^vcry spodal j)riniC7ir occurs in u with an even exponent 
oc. It is theroforo Bufficicnt to prove that a is odd, for at least one m, in almost 
all n. 

We define b.^ by 

=1 (if all a are even), 

= 0 (otherwise); 

and we have to ixrove that 

(10.6.2) B{n) == S = ^(^)- 


We can in fact prove more, viz. that 


(10.6.3) 


B{x)^ 


Cx 

(logx)^ 


where k ^ l/(^-~ 1) and O depends on Ic only. The proof is very much like 
Landau^s proof quoted in §§ 4.5-4. 6. 


Let 


Then 


F{s) = 


n^ 


F{a) 


n ( 


l+~+: 


n , 

for cr = ^R{s) > 1. Hence 


P 


-P" 


P 

n 


-)n(i+^+^+-) 


( 1 — TZ7"®) ( 1 + TF”®) 


as) 

n(i+^”") 


where 


logi^(^)==logCW-(^(5), 

G(s) “ i7l0g (1+ ZF~®) = 27'C0r~® + B(s), 


and F{s) is regular for cr > ^. 

I must now take for granted some of the standard theory of the primes 
of an arithmetical progression. The function behaves, in the ordinary 
theory of primes, sufficiently Hke^’ log ^ 5 ) ; and 27-127“"® behaves, in the theory 
of the primes of the arithmetical progression, sufficiently like /clogC(^). 
Hence log-F(5) behaves sufficiently like (1 — /c)log ^(.s), and F{s) sufficiently 
like {C(a)}x-. In fact ^ His), 
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where Bis) is regular at 5 = 1 and does not behave too badly for large s 
whose real part is nearly 1.^ 

If we accept all this, then the road to (10.6.3) is clear, since we have only 
to repeat Landau’s argument with comparatively trivial changes; and we 
have seen that (10.6.1) is a corollary. Here k is arbitrary; but the passage 
to (10.5.1) depends upon the special properties of 5, 

There are similar congruences for other moduli, of which the most note- 
worthy is 691. Ramanujan proved that 

(10.6.4) t(7i) s crii(?i) (mod 691); 

and Watson has deduced"^ that (as Ramanujan conjectured) T{n) is divisible 
by 691 for almost all n. 

I may observe that (10.6.4), for odd n, follows from (10.1.1). For then 
16r(^)= ~ 128.259r(7i) = 16crii(^) — 69 ^^^(n) = ion'll (rt) (mod 691). 


The order of T(n) 

10 , 7 , I return to the problem of the order of r{n), which I referred to at 
the end of Lecture IX. This is the most fundamental of the unsolved 
problems presented by the function. 

Ramanujan conjectured that 

(10.7.1) r(p) < 2p^"- 

for every prime p, or, what is the same thing, that all the angles of § 10.3 
are real. I shall call this the “Ramanujan hypothesis”. If the hypothesis 
is true then 

(10.7.2) I T{n) i = nV-n — ^ n (A+ 1) = n^din), 

p I n sin p I -ji, 

and so 

(10.7.3) r(n) = 

for every positive e. It is easy to prove, in the other direction, (i) that 

(10.7.4) T{n)^nV: 

^ Actually, when ^ = 6, 

where h(s) is regular for cr>i, and LJ^s) are the three Dirichlet’a L~ 

functions associated with the characters 

( 1 , - 1 ), ( 1 , - 1 ), ( 1 ,- 1 , - 1 , 1 ). 

* Using the theorem referred to in footnote 2, p. 167. 
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Cor mi infinity of so that tho -If of (10.7.3) cannot be replaced by anv 
Hinalbr ninul.cr; and (ii) that the tnith of (10.7.3), for every positive n 

mvolvcH t!u3 truth of the Hainan ujau hypothesis/ ’ 

Wo Haw in. § 0.18 tliat 

(10.7.5) r(n) ^ 0(n»). 

liainanujiin gave a more eoinpljoatcci proof of 
(10.7.5) T(n) — 0(n'^)^ 

and this ih the most that has boon proved by ^ ^elementary’’ methods I 
proved in 1918, by tho method uwed by Littlewood and myself in our work 
on Waring’s pi*oblem, that 

(10.7.7) r(n) — O(n^). 

Kloosterman proved in 1927 that 

(10.7.8) r(n) = 

for every iiositive e; Davenport and Sali6 proved independently in 1933 that 

(10.7.9) r(n) = 0(n^+^); 

and finally Rankin proved in 1939 that 

(10.7.10) T(n) = 0(n^\ 

the best result yet known. The indices here are (apart from the e’s) less 
than 6 by I*, and J respectively. 


Proof that r{n) = 0{n^) 

10 . 8 , I prove (10.7.7) by showing that 
(10.8.1) p(a) = ^{(l-2)(l_a2)...}24=, 

uniformly in d. Here z = re'^^ and 0 < r < 1 . Assuming this for the moment, 
we have , ~ .. 

* For (i) tako n = and observe that 

sin(A+l)^?3,,^^ 
sin 0 ^ 

for an infinity of A. For (ii) take the same n and suppose By, complex. Then 
d, = Ajtt ± where 9/3, is positive (since cos By, is real), and 


smh(A+l)?y3, 
sinh^j. 


sin (A-f-l)^a> 
sin ^3, 

is greater than a constant multiple of or n^, where 
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where C is the circle r = On this circle | | = e, and therefore 


r{n) = oj Max | g(re'^^) || = 0(n^), 


so that (10.7.7) is a corollary of (10.8.1). 

We divide up <7, by the Farey dissection^ of order 

into arcs It is sufficient to prove that (10.8.1) is true on 

uniformity in p and q. 

J£ z = then 

f{z) = 

in Tannery and Molk’s notation; and 

(10.8.2) Zj,24(T) = {a + hT)^^h^\r) 

c + dr 


if 


T = 


a + 6r 

is any substitution of the modular group F. We take 

, 1 -^pp' , , 

a^p, h=^-q, c = — d^-p\ 


where p’ is defined by 

We write 
Then 

(10.8.3) 

and 
so that 

(10.8.4) 


\-{-pp'^0 (modg). 

^ g. g. 


z ~ — exp^ — 

27rg 2p7ri 


27rg ^pm\ 

~¥'^ g / 


■ 4- " 

g g 


— — \~iO3 
n 


Also 

and 

(10.8.5) 


^ 2TT\n 
1 p' 


i^j). 


c + dr 1 _p' 1 p' 

a + br b h{a + bT) q g{p — gT) q gg' 


Z = 


/ 27r 2p'7Ti\ 

= )• 
Finally, (10.8.2), when stated in terms of g(z) and giZ), is 
(10.8.6) g(Z) = ^^g(z) 

^ See §8.10. 


with 
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(10.8.7) I I .= = oxpj - 


{ 47r%*“i ] 

Also 

oil fiiKl q~n.~^ < i>^- ^ < 2«."i. Henco there are constants .4 > 0 and S<1 
such that , , , 

1 I < e-^ = d 

on and 

( 10 . 8 . 8 ) I fj{Z) i s 1 5 ; I 1 1 T(,n) 1 I |«-1 <BIZI, 

whore B is another constant. 

It foUows from (10.8.4), (10.8.0), (10.8.7) and (10.8.8) that 

l9'(^)| = |S|-^M</(^)|<.B|^|-i2|.Z| 

^ R ( 47r^~i ) „ . . . . 




q-{7t,~‘^ + '<P) 




where a — 

Since is bounded for positive ft, it follows that 

g{z) = 0(71®) = 0{(1— r)-®} 

uniformly in p and q. This proves (10.8.1), first on the circle t = and 
then, by the maximum modulus principle, generally. ^ 

We have thus proved (10.7.7), and indeed a little more. We have 

Br^m ) = — J ^ I g{re*o) \^dd = 0{{l- r)-i®} 

and a fortiori '^T^{m)r^"^ = 0{(1 — r)-!^} = 0(n^^). 


if TW ^ 7^, so that 
(10.8.9) 


y2w J35J. ^—VLm.l'n. > g- 




This includes (10.7.7), aoad shows that r(n) is 0{n~^) “in mean square”. 


^ It would b© sufficient that (10.8.1) should b© true when r = 
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t('W') 

Further properties of F{s) = 
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10.9. BaDkin’s proof of (10.7.10) depends upon a functional equation 

satisfied by rHn) 

(10.9.1) /(-) = " 




The simpler function F{s) of §10.3 also satisfies a functional equation, and 
it will be convenient to investigate this here. 

We saw in § 10.3 that 

, t(w) _ 1 


(10.9.2) 


z(.) = i;I^ = iT 




fcr ,uffiol.ntly large ,r. It foUo*. from (10.8.9) and Canchy.inaqnality that 

s 1 t(p) 1 = 

fonction 

( 10 . 9 . 3 ) T(«)-S_r(n)- 

Notr r(a)F(a)-j*!A-‘!l(t-')<>». 

where g{x) is the function (10.1 .2), for <r > But 

tends exponentiaUy f J^^^/^an S^^i'Si^ctiS 0 ".'“ 

integral is convergent for all 5, ana m \ ) a 

r{s)F{s) = ys-i3gf(e-*’'*/")d2/ 

_ (2w)^-x2j“^ii-^(e-)d^= (2^)^-^^r(12-^)-P’(12-^). 

so that J’(s) satisfies 

(10.9.4) (an)-r(.)i'(a) - ( 2 ,)-n.r( 12 -a)y( 12 -t). 

-When ZlT(a)|J^9^-^e^’'lr=I’{n)X- 

* This is the special case 5 = 1, 5? = 0 of (10.8.6). 
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Tho hohaviour of in “tri vial” in tho half-planeof absolute convergence- 

in part-unuar, it Iuih ho zch-ob whoHO real {)art exceeds The functional 
<M(ua(, ion then (iefinCH itn behaviour for <r<.U. It has ““trivial” zeros for 
==^ 0, ~ 1, _ a, but no other zeros whoso real part is less than^. 

■^rho “critical strip”, <;orres])onding to tho strip Ogcrgl for^ ^(s) is 
•V & o- - ; ; and there are iirobleins eoncerning its behaviour in this strip 

eorrewponding to all tho familiar i>roblein8 about ^(s). It has been shown 
lor oxamfilo, that thoro aro no zeros on tho linos cr — and cr = ia, and an 
infinity on (T := 0 . Tho “Riemarm hypothesis” for i'’'(s) is that aU the zeros 
other than the “trivial” zeros, lio on ir = 0. 

There is another generating function which may be made useful in the 
study of r(n), viz. 


(10.9.0) 

It iB easy to prove that 


CO 

B(s) = 


(10.9.6) = (2;r) V a 2 y 


but the j)roporticB of ai*e not so interesting as those of jl^(s). 


Properties off(s) = 

10.10. We have now to investigate the corresponding properties of the 
function/(<<?) of (10.9.1); and we begin by finding an integral representation 
of/(s), valid for (X> 12, viz. 

2{4:7T)^^I\8)^(s-’22)f{s) =j j* | A{t) ^{s,x,y)dxdy, 

r — x -\- iy , y > 0 , 

A ( r ) = €^^^'>‘{(1 ^ (1 — 


( 10 . 10 . 1 ) 

Here 


( 10 . 10 . 2 ) 




j mr + n | ’ 

when the dash has its usual meaning, and JD is the fundamental region 

\x-j-iy\^l 

at the modular group. 

It follows from (10.8.9) that the series for/( 5 ) is absolutely convergent 
when (T> 12. From 


A (r) = 2 v(? 2 .) Sniry 

1 


' So that A(r) = 8'(e®’^<7-) m the notation of § 10.1. 
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it follows, by ParsevaFs theorem, that 

f \A{r)\^dx = ^ T^{n) 

J -i 1 

Further, if we suppose cr > 12, we have 

(10.10.3) (47r)-®r(s)/(s) = dy 

= T^{n) dy 

= Jo y^~^dyj'' ^ I /I(t) \^dx = JJg2/*'‘^l V'dxdy, 

— y>0. 

A{r) = 

Zl(r) = 0(t/-«) 
for small y,'^ uniformly in x, the integral 

M(t) l^dxdy 

is convergent for (r> 12, and this justifies the transformations. 


where S is the strip 
Since 

for large y, and 


10.11. We call a modular substitution 

(10.11.1) r = Tir') = 

or Ty a substitution 2^ if it transforms points r' of the fundamental region D 
into points r of a triangle lying in 8, Since a,b,c,d and — a, —h, — c, —d 
give the same substitution, we may suppose that 

( 10 . 11 . 2 ) 6 ^ 0 , d>0ifb^0, ( 6 , 6 ?) = 1 . 

Any T transforms D into a triangle lying in a strip 

and then r = T{r') — n 

is a 5^; so that there is a corresponding to any pair (6, d) which satisfies 
(10.11.1). Further, if {b,d) is such a pair, and (c&o»^o) ^ pair which, with 
(6, (i), gives a T^, then the general solution of 

ad—bc= 1 

is a = aQ-\-7ib, c — c^ + Tid; 

and then T(t') — — ^ 


By (10.8.1). 
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glvc^H a />./. outKiciis A’ when n — O. Hence there is jnst one corre> 

Bponciing to any pair {hyd) Hatisiying (10. 1 1.2). 

Now 

( 1 0. 11 .a) (47r) ^ i ’(.'^)/{.v) - N) r r ;?/ ^\A{t) l^dxdy. 

Tit J J Or 


If ( 10. 1 K 1 ) i.H Um 7]^ wiiicli tvmmiorinH I) into then elementary calcula- 

tionn Hho\v that . 

y I dr 1 

dr' U-6f'“p’ 


dxdp 


d r 
dr^ 


dx'di/ 


dx'di/ 

d-bT'\^‘ 


Aim A(r) (d-br'y^A{r'). 

Hence, B’nl)Btitn.ting from (10. 1 1.1) into (10.11.2), writing m for —6, ?^for^^, 
and then dropping the dashes, vve obtain 


( 1 0. H .4) (4^) « r{s)fis) - g JJ^^I I ^ I ' 


■where 


— JJ^y I O 1® 'r) dxdy. 


(10.11.5) F{a,r)=E. ,--r.i ,-..2 

and the summation is defined by 

(10.11.0) 0^w<oo, --‘00<'/2,<oo, (m,7i) = 1, n—lifm^ 

Mnally we multiply both sides of (10.11.4) by 

2^(2.!? — 22) = ~ ^ y^j28^’ 

where the dash excludes the value ifc = 0. It is plain that 


0 . 


2^(2^ 22) ii^(^,T) ~ 27.27 ^{s), 

where the dash now excludes the pair m « 0, n = 0; and so we obtain 

(10.10.1). 


10.12. We now require certain properties of the function 
(10.12.1) K{w) = i7i:'exp(-^ | mr+n\^, 

where ^(; > 0. The most essential is the functional equation 


( 10 . 12 . 2 ) 
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This is a simple coroUary of Poisson’s summation formula for functions of 
two variables, viz. 

(10.12.3) Si:<l>{m,n) = 

where aU summations and integrations are from - oo to oo. In this case 

X + K{w) = Ei:4>{m,n) 

with = exp|-y tl(a; + »y) + ’;P)- 

If we substitute this value of ^ into (10.12.3), and use the formula 




+ r»^) j , 


where a, y, and ay - P are positive, -we obtain (10.12.2). 

We sV-all also need an upper bound for Kiw) for large w. This is 

(10.12.4) K{w) = 0(ye~t’™’/*'), 

and holds uniformly for w > 1 and t = x + ^1/^o. D- 

We have K(,w) = exp ( - ^ {{^=^ + • 

The combination to = 0, n = 0 is excluded. Also smce t is m X>. 

(i) The terms to = 0, 114 = 0 give 

oc . 

which is 0(y/i.) when wly is smaU and 0(e— /«) when wjy is large, and so 




“ (d)^There remain the terms for which to + 0 . If we fix to, then there is 
at most one n for which | 

This TO and n give 0(6-™“”’'“’), and summation with respect to m then gives 

The other n give two sequences whose numerical values exceed i, f, f, 
and so (for the fixed to) we get 

0{(e-i«”/J' + e-4’™’/’' + - - •) e-™’’’’™’®'}, 

which, as in (i), is . e— 

I aad2^>j2/“^« 


H R 
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Finally, Humrnitij' with rcspoct to m, wo got 

Irtwiu /rw’f/J, 

Thin tlm proof of { lOJ 2.4). 

If 7/ in ihca 

A'(w) -= 0(o '•*"') 

for largo w and a jH)Hitivo .-I. 


10.13. Wo can now dotoriniius tho principal analytical properties of £(s\ 
It iH (lofiuod by (10.10.2) when o-> 12. Also 

/?/\» 1 /’(.V -.- 11) r"" „ / TTW, ^ 

for cr> n , mid bo 

( 1 0 J 3. 1 ) i ^ 1 1 ) 2:27' exp ^ ^ | mr 4- n 1 2^ 

J 0 

if the Bummation under the integral sign is legitimate. This will be so if 


J 0 


dw < 00 . 


ihis integral is convergont at infinity, whatever <r, because of (10.12.5). 
Near tho origin 

Kiw) = -n-l + iWi) 

w \wj 


w 


beliaves like w and. tho integral is convergent for cr> 12. Thus (10.13.1) 
is true for all such o-. Also 

(10.13.2) (|)''~'V(^-ll)g(«) 

= r vf''“^^K{w)dw-\- r 1 +i +i c?^^7 

Ji Jo I w? ^ \wj) 


■j: 


dw — 


5-11 5 




w^^~^K{w)dw 


~ ( g-ii)(s-i2) +/^ 

The integral here is an integral function of 5 , by (10.12.5), for any r of D; 
and the right-hand side is unchanged by the substitution of 23 — s for s. 
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Tims ^( 5 ) is regular over tlie whole plane, except for a simple pole at s = 12; 
and 

(10.13.3) = (|)^'“V(12-s)g(23-s). 

10.14. We deduce the properties of /(s) from those of g(s). It follows from 
(10.10.1) and (10.13.2) that 

(10.14.1) 2(477-)-« J’(s)r(s- 11)C(2 s-22)/(«) 

= JJ^2/W M(r) gis)Y^dy 


- K[w) dw. 


j: 


r r yXQ \A{T)\^dxdy f {w^~ 
j J D J 1 

Now for any real c, and r iaD, the integral 

o 

vPK{w) dw 

is majorised, after (10.12.4), by a multiple of 

y j 

If c ^ 0, we replace the lower limit 1 by 0; if c < 0, we omit the and make 
the same change in the limits. In either case the integral is less than 

Ay'y, 

where A and y depend only on c.^ Hence the treble integral in (10.14.1) 
is majorised by 

jIttct-iz j j \ a {r) \^dx dy^ 

where A and <5“ depend only on cr; and this integral is convergent for 
every <t, because 

for large y. 

It follows that the treble integral is absolutely and uniformly convergent 
throughout any bounded domain of values of and represents an integral 
function of s; and that 

2{4:7T)-^r{s)r{a^ 11)C(2s~22)/(5) 


A{t) = 


^ y=c + 2ifc^0, y=:2ifc<0. 



I HO 


It (itn ati uja n \s- f u ncfion T(n) 


in for alt « for Hiiitjtla imit-a at. .<{ — 11 

w a lurroiaurjiliif luu<-fi<m i.f'.v rc";iilar <‘x<H>[)fc for 
(i) a simplt' pule at. 12, wit h n'siduo 


and 5 = 12. Hence /(s) 


( 10 . 1 . 1 , 2 ) 


12 


(•l/r)0 r/’ 

^’(1^). j/. 




/1(r) j^iixck/. 


(ii) poh'M rorrfKpDiKUn^ to t fit' complc.x 

off/* I 2.* 


zttro.s (,f S(2s - 22), all lying to the 


Finally, it tuIhnvH IVnm (10. M.l) that 

( lo. l l..'{) (2n') / V) / V - 1 1 ) i:(2.s .- 22)/(a) 


that 


4fl /’(2;}-.,) /’(l2-«)^(24-2s)/(23-s), 


(lO.M.'t) t/t(..,) , = t/(2:j-«), 

wiu^rc 

(H>.M.r>) - (2Tr) IX.f - 1 1) ^(2s - 22)/(s). 

It alHO fnllow'H from thowi propertioH of/(.v), and a weU-knowi theorem 
of Iktdiara, that 

(10.14 .6) r^( I ) r2(2) + . . . + t2(w,) ~ 

J hiH was a now thoorom; but liankin has shown, that it is possible to go 
muoh further by using a theorem of .Laiulau. 


10.15. l.iandau’B theorem* is as follows. Suppose that 


( 2 ) 


Z{s) = 2,’-^ 


is absolutely convergent for <r> 1 ; 

(3) Z{s) is regular all over the plane, except for a simple pole at s = 1, with 
residue fi', 

(4) Z(8) = O(eriO) 

for large \ 1 1 and some y = y{or^, erf), in any strip cr^ g <r < cr^; 

(5) /’(«)A«+ll).Z(s) = r{l-s)r(\2-s)2:e^{AnY, 

the last series being absolutely convergent for o'-<0j 

W T. n\e,,\^0(x). 

Then 

(10.15.1) 0(x)= c„ = j3x+0(xi). 

Cn^os 

> zeta-fonction. are oanoeUed by poles of r(«- 11). 

Particularised for the application. 
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We show that 

(10.15.2) 


^(s) = ^(2s)/(s+ll) = 2’^ 


S3>t»isfi©s tili6S6 condi'tioHS. 


(i) Since 

(10.15.3) 


Zi^) = 


\n) 




we liave 

(10.15.4) c„ = S S 0. 

(di) Both series in (10.15.3) are absolutely convergent for o->l/ and 
therefore the product series is so. 

(iii) We proved that Z(s) satisfies condition (3) in § 10. 14. The value oip is 

^ = i7T%- 

(iv) It is plain from (10.14.1) that Z(s) satisfies (4). 

(V) The functional equation (10.14.3) may be written as 

r(s)r(s+ll)2(s) = (27r)‘«-2r(l— s) j'(12— s) Z{\ — s) 

= r'(l-s)r(12-s)2:eJ167r^)®, 


where 




4:7T^n' 


The series is absolutely convergent for cr< 0. 

(vi) It remains only to verify condition (6), which is 


0{x), 


Now 


C{x) = S 

n-^x 


s = 0{x), 

ft^x 


by (10.8.9) and a partial summation; and, by (10.15.4), 

C(X)= s S + 

= 0{x)+0{lx)+0{\x) + ... = 0{X). 

Hence Z{s) satisfies all the conditions (l)-(6), and (10.15.1) ^ 

The formula which we actuaUy use, however, is not (10.16.1) but 

(10.15.6) D{x) = S + 0(a;i^-*). 


^ The second by (10.8.9). 
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TluHlollowHlVoin (l<).ir).l)l>ypn,rtmlaummation. In fact, if [a;] = we have 

D(x) - 1)} 

^ ■= f « <7(£) ~ {(1^ 4- 1 )»» - 1/11} cxv) 

- {.T»4- 0(a;i'') } {/?;*:4- 0(rcS)}-^S {1 I J/IO 4 - 0(v9)}{/?v+ 0(v*)} 

== - I t) + 0(*i2 ■*) = -iVAi« 4- 0{a:i2-S). 


10.16. It is now easy to prove that 

(10.1(5.1) t“(1)4-t 2(2)4- ... +T2(n) = l.j;a.n^^ + 0{n-^^-i), 

and to dediieo Rankin’s thoorem (10.7.10). 

It follows from (10.15.;}) that 

y,r%n) _ Z{s— ll) _ ^n^''-Cn ^n^^ju,{n) 
%»■ ^(3.v-22) nF" > 


r~in) == y: 

Id' 

2 r^(n) = 2 

nt.AX kl^rFac 

= S/XJ) S S Z2V(Z)Z)ft) 

fcr.x/2* Z<x‘ \‘ / 

- S^<Xi){’E^(|)“+o(S)“-), 

by (10-16,5). The main term here gives 

w »”.S. »“{s(y) + «<«-*)) - 

and the error term gives 

Oix^^-'i) 2 ?-» = 0(a:i2-ii). 

Hence we obtain (10.16.1). ^ 

Finally, replacing n by n—l in (10.16.1), and subtracting, we find that 
r^n) = O(nii) 4- 0(7^l2~^) = 

T{n) = 0 {n^~^), 

which is (10.7.10). 

The sum function T {n) 

10.17, There is another set of problems connected with the “sum 
function” 


(10.17.1) T(n) = 2' r{n) 

nSx 
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of T(n). Tlie dash, over the U implies, as usual, that when x is an integer the 
last term t(x) is to be replaced by iT{x), 

I can explain these problems best by stating their analogues for a more 
familiar arithmetical function. If r(n) = r^(n) is the number of representa- 
tions of n as the sum of two squares, then the sum function 

(10.17.2) B(x) = S' r(n) 
is the number of lattice points in the circle 

with the convention that we count J instead of 1 for a lattice point on the 
circumference of the circle. It is familiar that 

(10.17.3) B(x) = TTx-^-Fix), 

where P{x) = 0{x^); 

but the true order of P(x) is still obscure. Sierpinski proved in 1906 that 

P(x) = 0(x% 

and this result has been improved by van der Corput and later writers. In 
the other direction, Landau and I proved that 

P(x)=^ 0{x^), 

Another problem is that of the ‘‘identity’’ for P{x), It was stated by 
Voronoi in 1905 that 

(10.17.4) P(a:) = a:* S ^ Ji{27r(«.a:)i}, 

where is the Bessel function of order 1. I proved this in 1915, and 
many other proofs have been published since. 

There are similar “order” and “identity” problems for T(a;). They are 
naturally less important, and any order results are bound to be imperfect 
so long as we are uncertain about the true order of r(n) itself. The best that 
we can prove at present is that 

(10.17.5) T(x) = 0{x"^), 

If the Ramanujan hypothesis is true, then 

(10.17.6) T{x) = 0 (ccV-+e). 

It is certainly not true that 

(10.17.7) T{x) - oix^). 

In this case the identity is perhaps more interesting. It is 


( 10 . 17 . 8 ) 
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Wilton prov'oci i,.hat 

I 


(IIUV.!,) T,.(. ) =. C.-H. I 

for a > <>, an<l I proved more n’sceutly that this result is still true for cc = 0. 


NOTKH ON hNCTXJXlE X 

§§ i(t I *iL IvaiuHiiujaii, in no. IHofiht^ C(>nsidtvx*,s the function defined by 

«i( I •«» { i ^ ...}« = XY/'^(n) :r«, 

where a \ 24. WiM^n a ; ? 2-1, </>;*(/#) iHT(ti). 

When a is 1 or 3, giveti l)v the ichnititicsH of lOuler and Jacobi, When a = 12, 

mult iph^ of the e| 3 (n) i>f § 0.3. It ih 0 if n m even, and can be defined when 
w in odil by a ntnn exi.(’*iruied ever tlu’» rt’i}>r(‘S(‘ntati<>ns of n as a sum of 4 squares; the 
hirnuila will l>e fotnu! in (daisher’.s pajxu’ ndern'd to in, tlio note on §9,1. 

Ibinianojan eenjettttired that is luiiltiplicativo in overy case, so that 

2^n'"»}/r^{n) fain a prcxiuct expmsHion analogous to (10.3.8); and he deduced formulae 
for whein oc is 2, 4, 0 an<l H. All t.hes(i> <5orijocturos wore confirmed in Mordell’s 

j>a|)tx' 2. Mordtdl says that the mult.iplicativt^ property of had been proved 

b(vfore by CllaiHhor, but thi.s senans to bo incorrect: boo Glaishor, Quarterly Journal of 
Math. 37 (U)0h), 30-38. 

Kankin, in an unpul)lish<'<l inannsta’ipt, haH found olornentary proofs of the multi- 
|>licativ(» property of y'ri^(n) and f/rmin). '’J^'ht^HO aix^ substantially Glaisher’s Q{n) and 
Bin). 

§10.4. Tiie proj)(*rti<^M discaiHH('»d in §§10,4-0 wore all ©nxmeiatod by Ramanujan 
in a jtnanuHoript ‘‘ Proper tie's of p(n) and T('a)” now in Prof. Watson’s possession (see 
also no. 28 of the This manuscript has never been published in full, but no. 30 

of the I^apera is substantially an extract from it, and Watson, in his papers 23 and 24, 
has since rewritten arxtl compkitocl a good deal more. 

The proofs in §10.4 worci given by Mordell (1), but stand also in Ramanujan’s 
mamisoript: Ramanujan of courso assumoH the multiplicative property of r(w). 

§§ 10.5-0. The proofs hort) are <lorivod jjartly from my old notes on Ramanujan’s 
manuscript and partly from Watson’s paper 23. Watson works out in detail the proof 
sketched in § 10.0. 

If wo replace x by then P, Q, It are 

2li)g^(tfl 

* TT® ' 

in the ordinary notation of elliptic functions; and (10.5.3) is equivalent to 
See §9.11. 

§§ 10.7—8. See Hardy (9); Heck©, Hamburg math. Ahhandlungen, 5 (1927), 199-224; 
Kloosterman, iUd. 337-352; Sali6, Math. Zeitschrift, 36 (1932), 263-278; Davenport, 
Journal far Math. 169 (1933), 158-176; Rankin (2). Davenport does not mention 
r{n) explicitly, but (10.7.9) is, after Kloosterman’s work, an immediate corollary of 
what he proves. 

Everything that has been proved about the order of r(n) has its analogue for the 
coefficients c„ in the expansion 

1 
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of any modular form of ‘ Stufe ’ N and dimension — h which vanishes at all the rational 
points corresponding to cusps on the real axis in the modular figure. Here ‘vanishing’ 
means “having the limit 0 for approach along a perpendicular to the axis”. The 
special function is of Stufe 1 and weight — 12. The general ideas of the theory 

of such modular functions were laid down by Hecke, who proves the result for general 
modular forms which corresponds to (10.7.7). 

The proof of (10.7.7) in Hardy (9) is arranged differently, the underlying Farey 
dissection not being mentioned explicitly. 

I show there that there are constants A and B such that 

An?-'^ <T\1)+ t 2(2) + . . . + T2(n) < Bn^K 

This result is now superseded by Hankin’s theorems (10.14.6) and (10.16.1). 

§10,9. The functional equation (10.9,4) must have been familiar to Ramanujan, 
but I cannot find an explicit statement of it either in the Papers or in the note-books. 
It was first stated in print by Wilton (1), who proves it as a special case of a functional 
equation for , . 

Fis,p,q) = 

Wilton (1) proved that F{s) has an infinity of zeros on cr = 6, and Rankin (1) that 
it has none on cr = or a* = 

§§ 10.10-16. The proof is that given by Rankin (2), with a few small simplifications. 
His proof of the corresponding theorems for functions of Stufe N is more complex. 

§ 10.12. For Poisson’s formula see, for example, Bochner, Vorlesungen ilber Fourier- 
sche Integrate, 33-38 and 203-208, or Titchmarsh, Fourier integrals, 60-68. The case 
here is a simple one. 

§ 10.14. Ikehara’s theorem, in the form relevant for its application here, runs: 
and Ba^n-^ is convergent for cr> 1 and represents a function regular for cr^ 1, 
except for a simple pole, with residue C, at s = 1, then 

2 an'^Gx, 
n^x 

The theorem (which has been referred to already in § 2.8) is based entirely on the ideas 
of Wiener. There is a simple proof of the theorem, in a rather more general form, in 
a paper by Bochner in Math. Zeitschrift, 37 (1933), 1-9. 

§ 10.15. See Landau, Gottinger Nachrichten (1915), 209-243. 

§ 10.17. The ‘circle’ problem has been referred to already in Lecture V (§5.1 and 
the note on that section). 

My first proof of the identity (10.17.4) occurs in a paper in the Quarterly Journal 
of Math. 48 (1915), 263—283. A number of other proofs have been given since; for 
references see Hardy and Landau, Proc. Royal JSoc. (A), 105 (1923), 244-258. Perhaps 
the best proof is that in Landau, Vorlesungen, ii, 221-232. 

Of the theorems about T(a;) stated at the end of the section, (10.17.5) is Ra nk in’s, 
(10.17.6), (10.17.7), and (10.17.8) my own. For (10.17.5) see Rankin (3), for (10.17.9), 
Wilton (1), and for (10.17.8), Hardy (10). No proofs of (10.17.6) and (10.17.7) have 
been published. My own proof of (10.17.7) depended on the identity (10.9.6). 



DEFINITE INTEGRALS 


11.1, In Uim liH*.ture I propoBO to Bpcak about some theorems of 
Ratnanujau whi<di !iavt^ uot very much attention, which are, as 

1 Haiti ill my opeuiiig lecture, '‘inevitably loss impressive'’ than much of 
bin work, lud^ wlu(‘Ii are still very intercBting and will repay a careful 
analyniB. 

Ramanujan wan ()<*c.upi(‘.(l, during rnont of the last year before he came 
to England, with g<.m<u*al formulae in the theory of definite integrals. He 
then ludd a rcKoartdi Hciholarnhip in Madras, and submitted three quarterly 
ro|)ort8 to the UniverHiiy on the progi-css of his researches. It is from these 
that most of tlio formulae which I <pu)te arc taken. I owe my knowledge 
of the contentH of these reports to Erofossor Watson, who included them 
in his <JOpy of Kama,nujan’s noW^books; but most of the formulae which 
I (juoto ha<l been shown to me by Uanmnujau himself. 


11,2. The formuhre which I take as my text are as follows. 


(A) 

r GO 

af~^{<fi{0)-x^{l) + x^4>{2)- 

. . .} dx =s — (f>( — S). 

^ Bin BTT 

(B) 

J“ a^~i|A(0) - A(1 ) A(2) - 

-...jda; = r(5)A(-5). 

(C) 

^(0) -h^(l) "h ^(2) 4“ ... 



= Jo <p{x)dx + j 

■OD ^(0) x4^{l.) + x^(j>{%) — . 

0 x{Tt^-¥Q.ogxf} 

(Dl) 


1 cos yxdx 


= A(-1)-A(-3)2/=> + A(-6)2/*-... 

(B2) 

|"|A(0)-iAa)+|!A(2)-... 

1 mnyxdx 


-A(-2)!/-A(- 

-4)j/3 + A(-6)2/® — . 

(E) 

JJ{a(o)-^A(i) + ...|{mo)-^Mi)+-)^»^ 


==A(-^1)M0)^A(-^2)M1) + ..., 
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(F) If 
(FI) 
and 
(F2) 
then 
(F3) 
And if 
(F4) 
then 
(F5) 


/«=/: 


^Ficcx) G{i8x)dx = — 
JO 

/; 


F(x)x^~^dx, g(s) 


0{x)af"^dx, 


mg{l--s) 


SinSTT 


A (x) i{F{yxi) + F{- yxi)} dx = B{y), 
B(x) ^{G{yxi) + G{ — yxi)) dx = ^TiAiy). 


I shall say sometMng about each of these formulae in turn, but I must 
begin with some general remarks about Ramanujan’s treatment of all of 
them. He had no real proofs of any of the formulae; and here I am using 
the phrase “real proof” not quite in its ordinary sense but in one which 
I must explain. 

It is reasonable to say that we now know, roughly, the conditions for the 
truth of most analytical formulae. We can say, for example, that a formula 
like (A) is true for certain ^ and certain s, and that the conditions which we 
impose on <p and s are “natural” conditions; they do not intrude merely 
on account of the weakness of our analysis, but are genuine limitations 
corresponding broadly to the facts. Our theorems will not cover aH oases 
in which the formula is true, and it may be interesting and profitable to 
do what we can to extend them; but the conditions under which we have 
proved them would become insufiicient if widened in any reaUy drastic way. 

A mathematician may have stated a formula and advanced reasons for 
its truth which are inadequate as they stand, in which case he cannot be 
said to have “proved” it. But it often happens that his method, when 
restated and developed by a modern analyst, leads to a proof valid under 
“natural” conditions, and in that case we may fairly say that he has 
“reaUy” proved the theorem. Thus Euler ‘"'really” proved large parts of 
the classical analysis, and there are a great many theorems which Ramanujan 
had “really” proved; but he had not “really” proved any of the formulae 
which I have quoted. It was impossible that he should have done so because 
the “natural” conditions involve ideas of which he knew nothing in 1914, 
and which he had hardly absorbed before his death. He had also, as 
Xattlewood says, no clear-cut conception of proof: “if a significant piece of 
reasoning occurred somewhere, and the total mixture of evidence and 
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int uition gavn tiiin eerUuniy, ht^ ionknd no furtho^’^ In this case any ‘'real” 
proof wiiH innvita-hly Ixyoad las and the '‘significant pieces of 

roaHoning'' wlauh are ituiicaied in the notebooks and rex^orts, though we 
BliaJl fnul them and int<nH^siing, arc quite inadequate for the 

oci^anion. 


Fonmilae (A) and (B) 

11,3, d'ho tirnt two formulae a, re the niont itnportant, and I shall discuss 
them in mon^ detail than tlu^ r<‘st. R.a.nianujan was particularly fond of 
tlieng atui UHOil tlunn as one of his eoninioncBt tools. They are variants of 
one another, (A) Ixu^oniing (B) wlicn wo write 


<l>{u) 


T{i+u)’ 


and wo niay take (A) as the standard form of the formulae, though we shah 
Bometimes find (B) more <x)nvenient. 

It is easy to give cxam|)lcs of both the txmth and the falsity of (A). Thus 


give the formulae 


f 

Jo 


^-1 


1 “P 


-dz 


TT p 
sinOT’ Jo 


er^oc^'“^dx 


7T 


sin6‘7rJ'(l —s) 


= m. 


true for 0 < < 1 and for a > 0 rcsi>cctivoly . On the other hand the formula 
is x>lainly false when , > . 

^ ^ <p{u) = mxiTTu, 


the integral then vanishing identically. The formula is an ''interpolation 
formula”, which defines — c?) in terms of ^(0), 0(1), .... If it has been 
proved for all (p{n) of a certain class, then any (p{u) of that class vanishes 
identically if it vanishes for all non-negative integral values of u. There is 
a well-known theorem of Carlson which says that if (i) <}>(u) is regular, and 


I (l>{'w) I < 

where A< 7 r, in the right-hand half-plane of complex values of u, and 
(ii) 0(0) ~ 0(1) = ... =s! 0, then 4*{u) vanishes identically; and it is natural 
to suppose that (A) should be true for all such 0(^) and appropriate s. We 
may also expect that the best methods for the discussion of the formula 
win be those with which Carlson and others have familiarised us and whose 
original source is to be found in Mellin. 
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Proof of (A) 

11.4. In what follows I write 

u = v-\-iw. 

I denote the half-plane v^-S, where 5>0, by H{8). For the present 
I suppose 0<d<l. 

If (p{u) is regular, and 

(11.4.1) 

throughout £?(«S), then I shall say that 4>{u) belongs to the class P, S), 
or simply We shall be concerned for the most part with functions for 
which 

(11.4.2) A<7r. 

Hiet us suppose now that ^(w) belongs to ^(.4 , P , 8), with A <.77, 0 < 8 <1, 
that 0 < c < 5; and that 

(11.4.3) 0<x<e-^. 

Then a simple application of Cauchy’s theorem gives 


(11.4:.4) 

2 ^c+^co 

0ix) = ^i0)-x4>{l) + x’‘4>{2)- ... = 




SmTTU 

The series is usually divergent i£ x> but the integrand is majorised, 
for aU positive Xy by a multiple of 


and the integral converges uniformly in any interval 0 < Xq^x and 

therefore 0{x) is regular, and represented by the integral, for all positive x.^ 
We can now deduce (A) by the well-known inversion formula of MeUin. 
This is expressed by the equations 

J oo 1 rc+ico 

F{x)x^-^dxy F{x) = 2 ^J 


and (A) will follow if we can take 


m- 


TT 

sinuTT 


^{-u)y 


Fix) = ^{x). 


W^e may justify the use of jMellin’s formula in various ways, appealing, if 
we please, to some established general theorem ; but it is more interesting 
to give a direct proof bn the lines originaRy followed by Mellin himself. 


^ If a; = then 1 and ^(aj) is regular for \6\<i7r—Ai but we do 

not use this. 
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Suppose tIjMi s == (T + it and 

i)<(T<d, 

and cliooBO an<l ho that 

i)<c^<(r<c.2,<d, 

I'licn ( 1 1.4.4) in true both with, c — and with c == Cg. 
Now 


J l I rct-f-iGo ^ 

<P(X) Jf-hlx = dx 

0 277/- Jo J c^ioo Binnu 


(pi — u) x'^'^du 


2m J Bin mi Jo J sin rru s-u 


du, 


since 3i(B' — ‘wj = cr — Cj > 0. There is no dililculty in the inversion, the double 
integral being absohitely convergent. Similarly 


r CO 1 rct~i-i<x> 

Jl ^7^^Jc,^iooi 


7 T 


X rca+ioo 


ioo Sill 7 TU 
7 T 


(fj{ — u) du 


J oo 


'^dx 


du. 


^Tr^Jc.-ioo Binnu s — u 
since now = cr — C 2 < 0 . Combining these equations we obtain 

J oo 1 / rCfhitX) rcM-hico\ 

0 277/- \ J Cx—ioo J c»— too / SI 

by Cauchy *s theorem. 


SinTT?/- 5 — sin 577*^ 


11.5. We have thus proved (A) for a ^(u) of ® and for 0<<r<<^, in 
particular for 0<s <S'. It is x^lain that, if rp(u) = then p(u) belongs 

to Sl\ with P =s A, so that our class of ^(u) includes the Carlson class. 
Hence (A) gives incidentally a proof of Carlson’s theorem. 

We niay also reduce the second part of the proof to an application of 
Fourier’s theorem. If we put x = e~^, u = c-^iw, in (11.4.4), it becomes 

r ^ — iw) dio; 

^ * 27rJ.-.ooSm77(c + ^tt^)^ 

and Fourier’s theorem then gives 

^^7r{c + iw ^ ""J” = j°°x<=+^'^-^0(x)dx. 

Such a reduction of a “Mellin” to a ‘‘Fourier” transformation is of course 
always possible, the transformations being formal variants of one another. 
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I add one remark which, applies not only here but often later in the 
lecture, I have supposed A<7t, in which case all the integrals occurring 
are absolutely convergent, and with a good deal to spare. In many of the 
most interesting examples A will be equal to tt; and the final integral may 
not be absolutely convergent, in which case a more delicate argument, not 
depending simply on majorisation, will be needed. The hypothesis A<7t 
is, here and elsewhere, a crude hypothesis; but it is at any rate a “natural” 
one, the results being usually false when A >7t; and I shall have no time 
for any more subtle analysis. 


Heuristic deductions of (A) and (B) 

11.6. The formulae (A) and (B) are connected in a very interesting way 
with “Newton’s interpolation formula”. 

It is well known that 


0 r, I 


^0 

nl 


where Auq ^ aQ — a^, A — 2a-i + ag, 

Hence, if 5 > 0 and the series 

^(*) = + 
is convergent for all x, we have 


Jo Jo 0 

and term-by-term integration gives 

= A^)(a( 0) + A(0) + fel) J2A(0) + ■ ■ . j . 

Finally 

(11.6.1) A(-s) = A(0) + ^ J A(0) + — ■ A ^A(O) + . . . 

is Newton’s formula. 

The term-by-term integration can always be justified when the resulting 
series is convergent. We can therefore prove (B) on the assumptions that 
(i) 5 is positive, (ii) A{x) is an integral function, and (iii) Newton’s formula 
holds for A( — s). If (i) and (ii) are satisfied, then (B) is equivalent to Newton’s 
formula. 

There is a corresponding reduction of (A), based on Euler’s transformation 


y 

1 - 2 /’ 


X 

1 -hx' 


X = 


y = 



^ Definite inU*grals 

It iH convenitnit to sii|)p<Kso that <J>{0) = 0, Then, writing for 6(n) we 
have ibrina.IIy ^ ' 

6 1 X — h.^x^ + — . , . b . y -i- Ab^.y^ + A “6^ . + . . . , 

J * r / nr \ 

0(:r) dx V"». — I dx 

0 Jo (I 

In tluB way (A) alwo may be reduced to Newton’s formula.^ 

Ranianujards argument 
11.7. Ilamanujan BUpx>OBes, in effect, that 
(11.7.1) A(^^) - 

where a is positive and is regular at the origin. Then 
« iV'i' 

A{x) = E ^—L 

yi-O 

CO / _ 1 \tt CO Yr/0\ 

= E ^'E 

7i-«0 r-0 


I ffl) i L-U”*..-.,,. _ i ffle--', 

r»»0 n««>0 ♦ ?*»“0 


Jo -^{x) 


c^-^dx = i; 

raaO * 


dx 


= n.) S = r(^)x(e-) = r(^) A(~-a) 

r»-0 

for s>0. The inversions can be justified if (i) x(^) regular for | 2 ;|^ 1 , 
and (ii) s is sufficiently small. For then 

r\ 

is convergent for some Z>1, 

J7 I I 27 -i- = 27 ^ A*"(^) I 

rl nl rl 

is convergent, and 


^ (11.6.1) with ^(w+ 1) for X(u) and 5+1 for s. 
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is convergent for sufficiently small positive s. In these circumstances 
Ramanujan’s analysis is valid. But the condition on A(u), which demands 
that A(?^) should be of the form 

Cq + Cl -1- C 2 . 

for large n, is extremely stringent and, though it may be extended a little, 
excludes practically all of Ramanujan’s examples. 

It is instructive to consider a case in which an argument like Ramanujan’s 
leads to a demonstrably false result. Suppose that, in (11.7.1), a == — 6 is 
negative. Then, if we repeat Ramanujan’s calculations, we obtain 

(11.7.2) A{x) = S 

r—Q r I 

and can apparently complete the proof as before. But (11.7.2) is usually 
false, since /t (a;) is regular at the origin, while the series on the right represents 
a function of x which is regular in the right-hand half-plane and has the 
imaginary axis as a singular line. Thus the assumptions 

>X^{u) = 6-^ (c >0), 6 = log 2, X(u) = 

00 fy,n 

would lead to S ( - 1)”— j = S ( - 1)’’-? 

0 n\ T \ 

which is obviously false. 


Examples and applications 


11.8, I quote a few of Ramanujan’s special cases, 
(i) If 0 < 5 < ]VIin (a, /?), then 


J. 


y, —x)dx — 


r{y) ns)r{x-s)r{§-s) 
r{a)r{fi) r(y-s) 


Here F{oc, ^,y,x) is the hypergeometric function, defined for 0<a;<l by 
the usual power-series and for x>\ by analytic continuation. 

(ii) If 0 < ,5 < 1, then 


j: 


a^“i(l”« — 2“«a;-l-3-«ir2__.)<^ = ^ (1 — 5 )- 

^ smsTT 


(iii) If0<^<l, s>0, and 0 < (Z < then 

TT 


j, 


(l-g”-«)(l — gg*") 


,..-1 (l + gga;)(l+ag^a;)... , „ 

0 {l+x)(\ + qx){l+q^x)... sin57rY(l-g’»)(l-ag^«) 


(iv) If 0 < s < J, then 



00 


0 


nl^{2n + 2) 


dx = 


ns) 

az-2s)- 



" ^ ^ (1 -W-g^)...(i-3T 
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Of thoHo, (i) aiKl (ii) a.ro Miraijrlitforward corollaries of what we have 
provod. 'I'o prove (iii), wo iwcj tho expansion 

ddr 1 - ^ ‘ ^ ‘ ■ * • 

■” (1 |-x)(l + ya:)(I+v=*:*0--- o 

vvliicli Is easily dctluco<l from tho functional equation 

(1 +a<pi)(p{qx) = (1 +x)0{x) 

Hatisiied by Here 

cPiu) - J - 1 _ ( iZ. «2m+«) • 

Finally (iv) in a formula found indepcndontly by M. Riesz, and used by him 
to detormiuo a very curiouH nocesHary and sufficient condition for the truth 
of tho Itiomann hy{)othesis. On this hypothesis, the formula is true for 
0 < < 4 . An alternative form of <I>{x) is 


<P(x) 


" m 


where /i(rn) is the Mb hi us function. 

11.9. We can use Ramanujan’s formulae to obtain many expansions 
usually derived from Lagrange’s or Burmann’s series. I take two examples 
given by Ramanujan himself. 

(i) A x)roblem familiar in text-books is that of exx:)anding in powers 
of Ramanujan argues as follows. If y = and 

e-“^ = 

0 7bl ^ 

then, by (B), 

F(a)A( — .s) = f = f 

Jo Jo 

s= r{s) a{a — 

so that X(n) == a{a + nb)'^^^. 

The argument obviously requires that a and b shall be positive. 

(ii) It is well known that the roots of trinomial equations can be expanded 
as hyj)erg6ometric series. Ramanujan finds an expansion for any power x^ 

aqx^ + x^ = 1 


of a root of 
as follows. If 


s 

0 


(~l)«'A(n) 

nl 




When the function 


a{a + 

Al+w) 

does not quite satisfy the conditions of § 11.4 (the “ A ” being tt). 
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then, by (B), 

Calculating the integral, lie finds the expansion 

1 ' ^(^ + 235 - 9 ') r(r + Zp-q){r + Sp- 2 q) 

X = 2! - 3! «+.... 

I do not know whether this formula is new, and I have not attempted to 
find conditions under which the analysis can be justified. 


Formula (C) 

11.10. The formula (C) may be regarded as one for the remainder in 
the ^'Euler-Maclaurin sum formula”. Since 


dx 

I 0 cr{7r^+ (loga;)^} 


-ooTT^-h?/^ 


we may multiply <p(0), in the two places where it occurs, by any constant 
factor. It is convenient to write the formula as 


\4>{o) 4 - ^ 2 ^( 1 ) + 4>{^) + ... 


-rd>ix-,dx- 

Jo + (log x)^} 


or, replacing ^{u) by y^<p{u)y as 


( 11 . 10 . 1 ) 
where now 
( 11 . 10 . 2 ) 


r°° , 

Jo x{7T^+(logx)^f^’ 


0^(x) = 4?5(0) + S94(^)a:”/ 


(11.10.3) 


Jt(y) = y==^{x)dx. 


The most familiar formulae for R{y) are Poisson’s, viz. 


(11.10.4) 

and Plana’s, viz. 

(11.10.5) 


iJ(S/) = 2S 

1 




COS 2n7rxdx, 




lo 


Hamanujan’s is apparently new. 


^ = ^P(— a?) — J^(0), in the notation of § 11.4. 


13-S 
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It Ih vxmvimkmt to begin by proving a B|)ccial case of the formula. Suppose 
that , 


and 

Then 


'/(//) 


J w ^ I* CO 

= J „ 7’(1 +'i) Jo 




^dx = 


fO 6‘log5’ 

if s> 1. Jt follows from the inversion formula of Laplace that 


J{y) 


L f”'' 
'ini J c_ 


-ds. 


wlioro c> 1. If wo deform the coiitotir into a lacet round the negative real 
axis, and allow for the residue at the pole s = 1, we obtain 

e^-ux 


J(y) = ev 


/ oo 

0 


r dx. 


+ (log o;)^} 

11.11. Hatnanujan gives a very ingenious proof of this special formula. 
He proves, more generally, that 
(11. 11.1) 




dx 


, _ sinTrg 

[cosTTg 




if and If we denote the left-hand side of (11.11.1) by 

and differentiate with resi^ect to we find that 


dp 

w 


2/“ 


sin Trg 


Al-g) 

= 2/ 


j: 






1 J’(^)sin7ra _ 

nrarg) ^7 )-° 

>dif 


Hence p(i/, ^) is a function P(y) of y only. But if we differentiate with respect 
to y, we obtain 


dx 


TT^ + (log x)^ 


: (■” -^yx- rxfie-v^cosn^-^^logx] 

J_j_i r'(a5+l) Jo \ ^ n ^ Jn' 


dx 


■2 + (log:r)2 


= 53(2/.£+1) = P(y). 

Hence F(y) == Gev, and we can find G by supposing that y — 0 and ^ = 0.^ 
* We can also prove (11.11,1) by the “L-aplace transform” method. 
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We may now replace (l){u) by 

^(u)- 


^(Q) 

jr’(i + u) 
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in the general formula, so that we may suppose ^(0) = 0. We may also 
suppose that ^{u) is real for real u. These reductions are not essential, but 
they simplify our formal analysis/ 


11.12. We can deduce Ramanujan’s formula from Plana’s as follows. 
We suppose again that <p{u) belongs to P, Then • 


(11.12.1) ^i( — = ^( — l)^<^{n)x' 


= J-. 

2m J _ 


.^OO sin. TTU 


x~^^{ — u)du 


=-r 

277- J_ 


77 


- — iw) dw\ 


, sm mw 

we can now take c = 0 because ^(0) = 0. Hence 


But 


J 0 x{n^ + (log x)^} 27r J _ CO sin niw 

J oo 

0 x{n' 


sr dx 


and so 


2+(loga:)2}'"'" J_ 

p 0^{-i/x) Ip J 

J 0 x{ 7 r^ + (log x)^} 2 J _ 00 si 


— iw) dw 

—iiot 


j; 


X" 


7T^ + t^ 

00 


0 a:{7r2+(loga:)2} 

dt = 


dx. 


sin mw 


y-iv3(^^ — iw) dWi 


which reduces to Plana’s integral (11.10.5) by trivial transformations. 

There is a full discussion of Plana’s formula in Lindelof’s Calcul des 
residus. Lindelof proves (11.10.5) under the conditions that 

(i) ^~%n\w\ yV+iw iyS) -> 0 

when I w [ ->cx), uniformly in any finite strip — ^ F, and 


(ii) 


i: 


^-%7r\w\ ] yV+im \\^{v-k-iw)\dw-^9 


when 7 ;->oo. It is plain that these conditions are satisfied if ^{u) belongs 
to ^(J., P, <^), with A < 277, and 

0 <2/<e”^F 

and in particular, for such y, by the <^{w) considered here. Thus Ramanujan’s 
formula (C) holds, in the form (11.10.1), and for these y, for the same 
for which we proved (A). 

^ "We could, begin by verifying the formula for any special for which $5(0) =f= 0 , 
but I know of none for which ( C) becomes quite trivial. 
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11.13. I acid a nvmark Plaiia’B formula. It may be proved directly 

an a c^orollarfy of < Jauohy'n tboorem; but it is worth while noticing how it 
can bo (h^tluc‘ocl from PoiKHoifs formula, which, being a ''real variable” 
fcuanuhi, is probably now more fainilia-r. Lot us write Poisson’s formula 
(l!.lb.4)aH 

1 

write c when^. // > f\ for y; and v for x. Then 





1 ! 

te 



J 0 J 


again by Caueiiy’s theorem; the argtxmcnt liere demands only that A < 2tt} 
Wheii wo Biini, wo obtain Piana’s formula. 


11.14. Suppose, for exatuple, that 

/’(r + 'w) 


4>{n) 


where r>(>. Tlicn f/>('a) belongs to for 0<<^<r, any positive A, and any 
P; and (11.1 0. 1 ) gives 


(1-y)- 


Jo l\^ 


T{r H- ir) 
\r)l\i-rx) 


yHlx 


r 

J 0 


{l+yx)~ 


a;{7r2+ (logrr)^} 


dx. 


The integral on tlie left is elementary when r is an integer, and then that 
0 X 1 tlic right can be evaluated in terms of elementary functions. 


Fourier transformations 


11.15. The formulae ( I) ) embody a heixristic theory of Pourier transforms, 
a theory wliich is naturally valid only under very restrictive conditions. 
Suppose, for example, that is an integral function, and that 

(11.15.1) A(l) A(3) = A(5) = ... - 0, 


so that 

(11.15.2) 

is even; and let 

(11.15.3) 


A{x) 
Ai(«) = 


s 

0 


( - l)™A(ri) „ _ S A(2m) 
nl * “ V 2m! 

'2\ 

““ )P(1+'W^) cos I'M.TT A(— 'M;— 1). 


Then Ai('ife) is also integral, since the poles of P(1 + 'W.) at —I, —3, ... are 
cancelled by zeros of cos iun, and those at — 2, — 4, ... by zeros of A( — 'a — 1); 
and 


(11.15.4) Ai(l) = Ai(3) = Ai(5) = ... - 0. 


* Instead of A <7r» 



Also 

and 
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Ai(-2m-l) 


- j A(2m) lim {jr( — 2m + e) cos J(2m + 1 — e) tt} 




Hence, if we write 


M{x) 


7r\ A(2m) 
2 / 2m 1 


-j S(~l)^A(-2m-l)a;2"^ 


and denote by Aj^, the functions formed from A^ as M are formed 

from A, then ^/\ 

Aj^(x) = M(a;), ^ A{x)\ 

and (Dl) and the corresponding formula with A^ become 

J J cos yxdx = M(y), jm: M(a;) cos yxdx = A{y). 

These are the ordinary formulae of the Fourier cosine transformation. 
If we suppose, instead of (11.15.1), that 

A(0) = A(2) = A(4) = ... =0, 

and define Ai('u) by 

Ai(ii) = j l^r{\+u) sin ^U7 tX{ — u—1), 


we are led similarly to the formulae of the sine transformation. 
Thus 


^ ^ ^ n^u) 


satisfies (11.15.1). In this case 




r(4-4«) 


A(«) 


and 


oo / 1 

A(x) = M(a:) = S ^ (ia:®)™ = e-**". 
0 wi! 


The formulae express the “ self-reciprocal ” property of 

On the other hand there are many familiar reciprocities which cannot be 
expressed in this way. Thus 

1 T” CO 

Jo T- 


(11 


.1..5) 


e~-a: (jQg yccdx = - 

0 " 1+y^ 


cos^a; 


dx = ^TTC 


-Iy{ 


The first of these is (when | 2 / 1 < 1) a case of (D 1), with AC-z^) = 1; but then 


Ai(m) = 


/’(I -fit) cos ^77 
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is an inii^gra l I uactio!!, so that wo <.auuH>t account for the second formula 
ill t luH way (as is obvious bcM^aamo m not expansible as a power series in 2 /). 

11.16. 1 worked out a theory of tlie formulae (D) in my paper 11. I shall 
si a-ie it heix''. in a ratluvr luoro general form duo to Mr F. M. G-oodspeed; 
his theory lu^counts for the formulae (11.15.5). 

Suppose tha.t- x(u) is ^in integral function and that 


(1 1.1 0.1) 






where! A. < tt, Ibr all n, I’hen it follows from Cauchy's theorem that 




1 rc+ioo 7J. , 

27ri J Q^ico Qinnu 2 ^^. 


x'^XM 

TiiuiT) 


du 


when 


— 1 < c < 0, 0 < £r < 

the Horios being then (convergent. The integral is uniformly convergent in 
a-ny int(n*val 0 < d^x£A < 00 , so that A(x) is regular for all j)ositive x. 

If now 1 / > 0 thetx 


x'^XW 


, rdu 


a;) cos yxdx 

//2\ f“ , 1 /•<-•+«“ n 

~ V \^) J 0 * 277-i J c~w sin TTU + i) ' 

- - 7(1) Si ! 2 Z ;es 5 2*-7£7« “=!»=*'■ 

The justification of the invorsion is not quite trivial but proceeds on the 
same linos as the discussion of the same point in 11. 

I* 00 

Now cos 7/xdx =: r{u + 1 ) cos i(u 4- 1 )7r 

Jo 

If we substitxite this value in (11.16.3), and simplify by means of the 
duplication formula for the Gamma-function, we obtain 




1 . 


xW, 


C + ioo ^ ... 

_ 24 ^ ^ du 

c-ioo Qinnu 1 { — iu) 


c+ioo ^ y'^xizdLzll 

sin TTU 24^jr(|- 4- ^u) 


rc-hioo 

2nijc^i,oo si 


du 


(with a different c, but still with — 1 <c < 0). This integral may again be 
calculated by Cauchy's theorem, with the result 


(11.16.4) 


7 (I)j: 


A{x) 003 yxdx = M(y), 
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where 

(11.16.5) 


M{x) = E 




0 -hi) 

This series also is convergent for 0<a;<e“^, and M(a;) is regular for all 
positive X, And it is plain from the symmetry of the argument that 


(11.16.6) /s/(^)Jo =^(^)- 


11.17. Ramanujan’s own formulae for cosine transforms are slightly less 
general. If we write 

Xi'^) M'^) 

2^'^r{iu H- ^) Jr(u -h 1 ) 


or 




and suppose that X{u) satisfies the conditions (11.15.1), then it will be 
found that the formulae of § 11.16 reduce to those of § 11.15. The ‘‘order” 
conditions are equivalent. The analysis of §11.16 has the advantage of 
symmetry, and is more general in two respects. In the first place, the 
assumption that xM is integral is less exacting than the assumption that 
X{u) is integral, since it allows poles of A('W') for = —2, —4, .... A more 
important point is that, in § 11.15, both A{x) and M(a?) are even analytic 
functions regular at the origin, while in §11.16 they are defined by the 
power series for positive x only, and then for negative x by evenness.^ 


Thus, if we take 


Xi^) = 


2i'^r{iu-^i) 


then 


A(x) = M(jr) 


7r) 1-hx^ 


for rr > 0. The conditions of § 11.16 are satisfied, and, if we define A{x) and 
M(a;) by evenness for a? < 0, we obtain the formidae (11.15.5). 

If we take Xi!^) ^ ^ 

(-1)" 


we find that 


A{x) = M(x) = S 






Tn (D 1 ) -vre are in. an intermediate position. If we write the formula as 

/ 2 \ r°° 

A{x) cos yxdx = 

then Aix) is defined like the Aix) of § 11.16, hut M{y} is regular at the origin. In 
§ 11.15 we make the relation symmetrical by specialisation. 
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for ;»;><), and the Biiino remarkK apply. This A{x), which 

exproHHCHl by 

' r fxTi « 00 

e-i'o’-^wdw, 


may also be 


i« mu. of tho cxamplcK of “Helf-rc.oiprocal” fonctions given by Hardy and 
.1 itclmmrHh. ^ 

Finally, tho choice ,, „ 

V(,,.) := 5^1^ 

loadH to yi(a:) ^ M(x) = 

TbiB caao iB eovored by § 11.15, 


ll.lS, I Haid in my introductory lecture that Ramanujan was familiar 
with of iho lornui! idoaH which underlie the recent work of Watson, 

and of i itchmarah and niynelf, on “Fourier kernels” and “self-reciprocal 
lunctionH”, Here we have a case in point. 

It is plain that a necosBary and sulHcient condition for the /I (a;) of § 11.16 
to be soIf-r(icipr()C4il is that 

(11.18.1) — 

If we write 

(11.18.2) ^('^d ~ 7r“"^F(J •+* ^'^4) ,2^(1 — i'^)x(^'^)y 
then (11.18,1) becomes 

(11.18.3) y^(u) — itr(i 
The integral expression for A(x) is 


A(x)== 


1 

27ri 


d 


c-f-ioo 




^ico sin TTU 2i^r(iu -h J) 


du. 


If we change u into —'u, substitute for x( — '^) from (11.18.2), and perform 
some simple reductions, we obtain 


(11.18.4) 2;^*J 2^^--^r{lu)x-'^ir{u)du, 

which is (apart from a numerical factor) the formula for self-reciprocal 
functions given by Titchmarsh and myself. 

All this has its analogue in the theory of “general transforms”, hut 
I postpone this to the end of the lecture. 


Formula (E) 

11.19. We may write (E) as 


(11.19.1) j Aix)M{x)dx = S(~l)^A(-~n--l)/^(n), 

JO 0 
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A{x) and being the two infinite series which occur in the integrand 
of (E). We may as well consider a more general formula, viz. 

J oo r(s~\~7h) 

A{x)yL{x)afi-'^dx = S( — 1)” — — X( — n — s)/i(n) 

= /’(s)|a( — s)/<(0 )— yA( — s— l)/t(l)+^^j^^A( — s— 2)/<.(2) — ...|. 

We can deduce (11.19.2) formaUy from (B) by writing 

{'^A{x)M{x)x^-^dx = f“yt(a:)a;“+«-idcB 

Jo 0 ^ ' Jo 

0 ^ * 

and there are some few cases in which this procedure can be justified. They 
are however extremely special; and Eamanujan seems to have had no 
other argument, even when M(a:;) is oosyx, when proof on these lines is 
quite impossible. In this case 

/4(2m) = /^(2m + l) = 0, 


and (11,19.1) reduces to (Dl). 

The formula becomes simpler when expressed in the notation of § 11.4. 


Then 




r(i+uy 


lp'{u) = 


r{i+u)^ 


0{x) is defined as in § 11.4 and W{x) similarly, and (11.19.2) takes the form 


(11.19.3) 0{x)W{x)x^-^dx = 

j Q Sm S 7 T 0 

This formula is simpler, but rather misleading, and (11.19.2) is really the 
better standard form. We can see this by considering the most obvious 
special cases. 

If we take A('z/.) — a”, fi{u) = 


where 0</^<oc, in (11.19.2), we obtain 

J = 7^(5) I _ f. ^ -t * . * I = » 

which is true for all positive s. But if we take <p{u) = = /? in 

(11.19.3), we obtain 


i: 


af~^dx 

lo {l+ocx)(l+j3x) " 
which is always false. 


smOT 


+ ar^-'^P + + • . - ) 


Tt 


yl S 


sinsTT a—fi’ 



2iU 


Ihjhnfe infegrals 


^riio furiiHila in 


.r‘* ^dx rr ^ 

Jo (I i CLx) ( 1 f fix) sin STT a — // ’ 

^vhich iH tnui for () .V .,: 2. Wo oan write the right-hand side as 

w 

Hin .m VHl) + • ■ . - 9i( - 1) ^(1 -5) 


-^(-2)^(2-s)-...}. 

Hero tiioro are two Kork^s iiiHtoad of one, and in fact, as we shall see in a 
inomont, ilio right” formula for tlio general integral is not (11.19.3) but 
(11.19.4) 


This reduces to (11.19.9) when f/j(w,) vanishes for « = -1, 


— 2, ..., as when 


<p(u) 


I\iTuy 

It in therefore better to work with (11.19.2). I shall not do more than 
indicate the eonnc(*.iion of this foroiuhi with, tlie standard formulae of the 
theory of McHiri tt*anstormH. Thex'o is a rigorous investigation in an 
unpublislied paper of Ooo(lsf)ee(l. 


11.20. Wo may regard (11.19.2) as a form of the “Parseval” theorem 
for Mollin transforms. This theorem asserts that, if 

J OO ^ 0Q 

F(x)x^-^dx, !/(«)= G{x)af-'^dx, 

0 Jo 

then, under certain conditions, 

J w 1 r‘k-\-'Lco 

F (*) 0{x) x»-^ dx = — r f{u) g{s — u) du. 

Now in certain circumstances, which we considered in detail in § 11.4, 
we have 

(11.20.3) 

A{x)x^-^dx = r(s)Ai-s), j“Mix)x^-^dx = r(s)/ii-s), 

(11.20.4) 

~ 2^ Jo_^„ r(u)/u,{ — u)x-^du. 
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In fact the formulae (11.20.3) are cases of (B), and if we write 

^(“) “ r(i + uY " r{i +u) ’ 

then the formulae (11.20.4) become cases of (11.4.4). 

Taking F{x) = A(x), 0{x) = M(a5) in (11.20.1), (11.20.2) gives 

J oo I ^/c+ioo 

F{x) Q{x)x^~^dx = — . riu)r{s — u)X{ — u)/i{u—& 

Q Z 7 T% J Jc—ioo 


1 /’/c+'ioo 

= ^. r{u)r{s-u)X{. 

2m J k-ica 


u) ii{u—s)du. 


If this is true for a h between 0 and cr, then the last integral, when calculated 

by residues on the right, is 

CO / I \n 
V 




- r{s + 7^) A( — 5 — 72,) fl{n). 


and we obtain (11.19.2). The whole argument, of course, requires careful 
consideration . 

If we argue with (f) and ^ instead of with A and pu, we have 


f 0{x)x^~''^dx = -7^ — <p{ — s):, r W{x)x^-'^dx — — ^( — S), 

Jo sin^TT^^ Jo sinOT^^ 

CO X /*&+i<=0 7T 7T 

0 (X) W(x) x^--^ dx = -p-.\ -A ^ s) dn, 

) 27ri J j;_ioo smwTT sm(5 — M)7r'^ 


J co X rfc+ioo 7T 7T 

0{X) W{x) dx=:^A -A ^-7 ^ s) du, 

0 ^ ^ ^ ' 2mJjc^iooS,'m.U7rsm.{s — u)7T^ 

and when we calculate this integral by residues we are led to (11.19.4:). It 
is only when vanishes for negative integral values of u that our earher 
formula (11.19.3) is correct. 

11.21. Formula (11.19.2) is a very powerful tool for the evaluation of 
definite integrals. If for example 

"" na + l+u) ^ r(6 + l+«) 

then A(x) = 2^cxr^x~^^J^{(x^Jx), M(a?) = ^x). 

The formula reduces, after some trivial transformations,^ to 

r ° r / ^ T / ..^-1 J os_i s-b/>b j’(i5 + 4® + 46) 




(ax) J^ijdx) af~^dx = 


r{bA\)r{l-ls-la-ib) 


: F^s + -16, — Ja + 6 + 1, , 


which is true whenever 0 < >!? < a and the integral is convergent.^ 


for X, + a 4- 6) for s. 
I.e. if ^a — bcsc2. 
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Formulae (F) 

11.22. 'riH5 last- group of formulae contain a further justification of the 
aHHtu'tion of my own whit;h I <{noted at tlic beginning of §11.18. I shall 
reganl thorn, a-n did l\.a.ma,ruija.m wimply aa formulae, and say nothing at 
all about oonditiouB for their validity. Bupuose that, in our nrevimia 


all hiU’i^ about eonditiouB for their validity. Buppose that, in our previous 
A(w.) r-., a'';>(vt), /i{u) = /i“( 7 (M), 

win’s re i) < // < a and f/i — u—l) ^ 1. 

Then A{x) F{ax), M(a;) = G{gx), 


wh(5rc 


0 n 


, ^ :p{n) af h 0{x) = S L i_ 


and (I L 19.2) givoB 

J »X^ tiO /?/i, 7 

„ <ix _ 1 )« ^ . 

For example, a solution of this integral equation is 

/ _ I \n ( 1 \n 

F{x) ^ coB(c.^n)a;’h 0{x) = — r — . 

^ ^ a! V V X » \ cosh{cV(a+l)} 

Now 

foo r °° 

F{ax) 0{fix)dx = 0{/lx)dx F{ax) od^'-'^doL 
J 0 Jo Jo Jo 

= f(s) r x-^O(jdx) dx = g{l-s), 

J 0 

where /(»?) and g{s) are defined by (F2). Since the first integral here is 

rco ^s--i n ^ 



Jo OC-^/j sin S7T 

we obtain (F3). 

I now recall some fundamental formulae in the theory of ''Fourier 
kernels”. If K{x) is a Fourier kernel, that is to say if 


(11.22.2) 

implies 

(11.22.3) 


A(x)K(xy)dx = B{y) 
j"B{x)K{xy)dx = A{y) 


for "arbitrary” A{x), and 


^(5) SS5 J K{x)oi^^^dx^ 


(11.22.4) 


h{s)'k{l-s) = 1. 
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More generally, if (11.22.2) impMes 

(11.22.5) J B(x)H{xy)dx = A{y), 

and }h{s) is defined like h{s), then 

(11.22.6) k{s)Jh(l-s) = 1. 

Ramanujan never, I think, writes down quite these equations, but (F4) 
and (F5) are formally much the same. For if 


then 


+ J’( - xi)}, H{x) = {G{xi) + C?( - xi)}, 
k{s) = ^^ 27 r) (/ x^~^dx + j F{ — xi) 


and similarly 


m 


~) cos Jot ^(5), 

TTj 


SO that (11.22.6) becomes (F3). 

All this was naturally simple formalism in Ramanujan’s hands. Its 
translation into substantial analysis demands ideas which were quite beyond 
his ken, PlanchereFs theory and Watson’s generalisation. But a formal 
basis is essential as a foundation for all such theories, and that Ramanujan 
possessed. 


11.23. I conclude with a few remarks about the topic which I postponed 
in § 11.18, the extension to ‘"general transforms” of formulae (D). 
Suppose that 

(11.23.1) 

SO that (11.22.4) is satisfied identically. Then 


1 /*c+ioo 

K{x) = -r ; h(u)x-^du 

277 ?’ J c — ioo 

is a Fourier kernel whose Mellin transform is h(s). 
If we start from the formula 




I rc+ico ^ — 

277 ? J c-ioo sin t 677 /c(l — u) 


X-^dUy 



/ h'JiNite i Nteg 7 ‘als 

luul ar|j:ue on the formal lines of § I KIG, wo obtain 


i"* 

J. 

1 K (xy) dj 

- .L] 

1 Hiu un K{ 1 - M) J 0 



1 1 

1 HinWTT A.-(l— it) ^ 



27rt J 



1 

^nij 

I . y 1 yU-Xfl^ 

U'-im Hlll UTT /ci'U) 



- 

0 

1 X., r( — ■ 1) 

- ] )« — ./ 

HO that 



(11.23.2) 




:r(t) 

2{- i 

0 

)n . ^ ) Six) — ^ f - ^ 

^ /cCa+l)**' ’ K(n+1) ^ 


arc a pair of ‘fJi-trattsforms’’ satisfying 
( 11 . 2 :b 3 ) 

/ «» /* oo 

Ii{x) K{xy) dx = S{y), S{x) K{xy) dx = E{y), 
0 Jo 


rhe condition for a “KCiir*’rcrif>roeal” ll(x) is that 

r(u) = r{ — u—l). 
K{x) :== ^x J^ipc), 


Thus if 
tiien 

and we may take 
Then 


k{a) = 
k{s) = 
Mix) = S(- 


2 i«P(.|^+ |r 4 - J). 
Tin) 


•1) 


and Six) 

are a pair of Hankel transforms ► 


Piln + ^v-^-^) 




2 -in^n 


If 

then 

and we may take 
In case - 

* Mix) 


Kix) 


7 T l—X^ 
Jcis) = COt^OT, 
/c(^) = cosec J^TT. 


S(- 
0 - 


Six) « 5 :(-i)M- 
0 


- 2 ^^— l)x^ 
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the integrals (11.23.3) are principal values. If r{u) — 1, then 

R{x) = 

and other simple rational functions self-reciprocal for K(x) may be obtained 
by making r{u) an appropriate polynomial. Here also I must restrict 
myself to a mere sketch of the formal lines of the theory, adding^only that 
all the analysis of §§ 11.22—23 has also been made exact by Goodspeed. 


NOTES ON LECTURE XI 


§ 11.2. The quotation from Eittlewood occurs in his review of the Papers. 

§ 11.3. Carlson’s theorem is proved in Titchmarsh, Theory of functions, 185-186. 
The theorem has been generalised in various ways. In the first place, we can weaken 
the order conditions on and secondly we may replace the conditions 

4 >{ 0 ) = = ... = 0 


by more general conditions of the type = 0 (n = 0, 1, 2, ...). The most general 

theorem of this kind which I have seen was communicated to me by Mr N- liovinson, 
and runs: if (i) <f>{u) is regular and for some A., in the right-hand half -plane; 


(ii) 

(iii) 



10g+ I <p{iw) I — TT I W I 


dw = — oo; 


<f>{K) = 0 , 


where A« is an increasing sequence of positive numbers such that 


X^cBn, S ^>logi2 — C, 
for some B and G ; then f>{u) — 0. 

§ 11.4. For Mellin’s formula see Titchmarsh, Fourier integrals, 7—9 and 46—48. 

The proof of (A) is that given by Hardy, Acta Math. 42 (1920), 327—339. The con- 
ditions on f>{u) may be relaxed here also, for example to 


f){u) — {some A), f>{iw) = 0(1 w 

Goodspeed, in an unpublished manuscript, has proved a ‘A„’ generalisation of (A). 
IJu = v+iw. 0 <A„<:A„+ 1 , 

Sr / U^\ 

?(«) = 

andf (u) belongs to ^(G, D, d), where G<.7rJB and 0, for some D, then the series 


" /(An) 




converges, when the terms are grouped appropriately, for sufficiently small x, and repre- 
sents an analytic function E[{x) regular f (nr all positive x; and 

dx = 

Jo ff(s) 

for OcscS. If also — Xn ^h>0, then the series converges in the ordinary sense. 

14 




H R 
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§ I l.(L 1110 cwimM'tion of (B) wiili Nowion’rt intorpolation formula was pointed 
out by NMniyauji Aiyar (2)* 

I<'or tho fhuoiy* of NtnvionV ibrnuila hoo Nr>rli.iiul, Vorleaungen iiber Differenzen- 
222 ti m’t/. Thoro in niu<*h uMt^ful information, but no function-theory, in 
Whitt-ukor iiad ltohiriHon\s ( of obrn'mitlona. 

For tho jtiHt ili<*at ion the t<*rm-by-t.tn*m intt^gration soo Hardy, Trans. Gamh. 
Phil. Par. 21 (HU 2), I 4H (5 h), aiuJ nioaaeMtjer of Math. 39 ^910), 136-^139. There 
iu a Hiniilur {fioorom rok^vant to tho n'duct.iou of (A) at the end of the section. 

§ i 1 .7. liainanujan’H analyniH may b<» oxttMitlod, for example, to cases in which . 

X{Z) == 

whuru /V ‘ ^ Pr notnl not ho iut.ogorH, and a finittb number of them may be negative. 

’'{■’luH extt^nwion novum t,hu> <taHO A{a) = fox* any real a. A case actually covered by 
hiH unalyHiH an it Mtand.s in 

§ n.H. ''i'lua’o is a dirunt proof of formula (iii) by Cauchy’s theorem in Hardy (5). 
For fonuuia (iv') stn'i M. Ritw'/., Ackt Math. 40 (1.910), 185“190, and Hardy and Little- 
wood, ibid. 41 (1917), 119 d90 (150-102). 

§11.9. For Lagrange’s and Burinann’H stories boo, for example, Whittaker and 
Wat.Htai, Aiodrm (hL 4 (1 927), 128—133. 

Tho inoBt. comploto comtorning the expansion of roots of trinomial equations 

an^ tlKJBO of Birkelarnl, Math. ZeUaohrift, 20 (1927), 566-578. Birkoland gives full 
ndbroncoH to earlier work of Mollin and other writers. 

§§11. 1 0 -1 3. The HubstancHi of the jjroof is takxm fi'om Hardy (3), but Ramanujan’s 
argument in § I LX I hits not been printed befortn 

Laplace’s inversioTi. fornaula, uHod in § 11.10, is another formal variant of Fourier’s. 
BiuC.ritehniarsh, Four iar integrals^ an<l 48-49. 

Foj’ a diree.t proof of Pltma’s formula by moans of Cauchy’s theorem see Lindelof, 
Le calad des rvsidua, 55 -02. 

§§ 1 L15-1B. Hoe 1 lardy (11) and Coodspeed (1). The penultimate exapiple of § 11.17 
occurs in Hardy and Titchmarsh, Q'luirterty Journal of Math. (Oxford), 1 (1930), 
196-231 (210); and (11.18.4) on p. 198 of tho same paper. 

§§11.19-20. .It is curious that Ramanujan seems never to have written down 
(I 1 I 19 . 2 ), or oven (11.19.1) in its general form. In tho irotebooks and reports one of 
thtj functions is always oven. 

For tho Parsoval formula for Mellin transforms soo Titchmarsh, Fourier integrals, 
94-96. There cr A it, 0<A;<<r, and x^F and are JS^(0, cx)). The integra 

(11.20.1) are ‘moan square’ integrals, and (11.20.2) is true, in tho ordinary sense, tor 

all a whose real part is cr, zn i q 'c 

Goodspeed, using a method more like that of § 11.4, has proved that (11.19. ) 1 
true whenever 

(1) ^{u) is an integral function, and belonga to B,7i), where A<7r, for some B 

and any positive rj; 

(2) fr{u) belongs to ^{0,D, d), where C<. 7 T,for some D and a d not less than 1; 

(3) 0<5<2; 

(4) ^(--u-s)tM = o(e-®>«’*), 
where E < 27t, uniformly in w, when v-^oo. 
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It should be observed that ^{u) occurs in the theorem with arguments n, — 
^,Tid — n — 1 and i/r{u) with arguments n and n + 1 — 5 . The conditions that ^{u) should 
be integral, and i/r(u) regular for cr> — 1, are therefore natural. 

§ 11.21. See the remarks at the end of § 11.5. In this case each of A('w) and /i{u) 
behaves roughly hke and each of ^{u) and ip'{u) roughly like in the direction 

of the imaginary axis, and the final integral is not necessarily absolutely convergent. 
It is not difficult to justifj^- the transformations in this or any other particular case. 

The integral was first evaluated by Weber and Schaf heitlin : see Watson, Bessel 
functions, 398-410. 

§ 11.22. For the theory of ‘Fourier kernels’ and ‘general transforms’ see Hardy 
and Titchmarsh, Proo, London Math. Soc. (2), 35 (1933), 116-155; Watson, ibid. 
156-199; or Titchmarsh, Fourier integrals, ch. vm. 

The subject has attracted a good deal of attention since the appearance of Watson’s 
paper. Full references, up to 1937, wiU be found in Titchmarsh’s book. 

§ 11.23. Goodspeed has proved that if ic(u) is real on the real axis, and is the reciprocal 
of a function regular for where d is positive; r(u) is an integral function ; and 

r{u) r( — 1— w) 

/c(l + t4)' k{1+u) 

belong to the classes ®(4., B, S) and S), with A<7 t and C<7T, then k{s) defines a 

Watson transformation in which B[x) and S(x) are reciprocal. 



XII 

KIJ.IPTU' AND MODULAR FUNCTIONS 

1E;L I uiusi end by Haying sonu^lhing about Raniaimjan’s work on 
ellipiie and naKlular I'nnet.ionH, and it ih thin which I find my most difficult 
lank. It. in h<n’<‘ i hid* IxdR the profundity and the limitations of Ramanujan’s 
knowkxlgi^ Ht-aud out mowt Hliarply, and that it is least possible to decide 
how nmeli he, may have learnt from others. Besides, I do not know the 
subjhad. very well. 

Ua.ma.iuija.n never profesHod to have made any major advance in the 
gmierni theory of cdliptie fuiudions, and it seems that he must have learnt 
the fundanicmtalH of the theory, ho far as he was interested in them, from 
hooks. Tliore is a sharp (urntrast between his attitude here and his attitude 
about the theory of* primes, whore ho certainly regarded all his results as 
hiH own. Ho never writoH as if he had mmnted theta-functions or modular 
ccjualions, tlunigh ho sots out a whole theory of them in a language 
of his own. (jayley’s and (SreenhiU’s books were in the Madras University 
Library, and ho couUl have found a good deal about them there. Indeed 
Littlewood says that Ramanujan somehow acquired an effectively 
complete knowledge of the forma.l side of the theory of elliptic functions 
and that liis ignoran(‘o of comiilcx function theory and of Cauchy’s theorem 
may seem difficult to reconcile with this; and adds that ‘"a sufficient, and 
I think necoBsary, (5.xpla.natic)n would be that GreenhilFs very odd and 
individual Elliptic functions was his text-book”. In GreenhilFs book the 
complex variable and double periodicity are not mentioned until p. 254, 
and the double periodicity is deduced somehow from properties of Cartesian 
ovals. In fact Greenhill knew very little more ''function theory” than 
Ramanujan. 

I said that I did not know the subject well, and I shall rely very largely, 
in all that follows, upon Professor Watson, In the first place, his lecture 
to the London Mathematical Society contains a short account of the 
relevant chapters of the notebooks. Secondly, he has very kindly lent me 
a manuscript containing proofs of nearly all Ramanujan’s formulae, 
without which I should have been very much lost. 

12.2. The relevant chapters are Chs. xvi-xxi; these, in Watson’s opinion, 
"show Ramanujan at his best”. In Ch. xvi he starts with the function 

iT(a, b) == (1 +a) (1 +ab) (l-hab^) 
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and all his later work is based on it. He develops a whole series of theorems, 
mostly to foe found in Euler, Gauss, Jacobi, Heine, or other writers, though 
there are some which seem to foe new.^ I shall not refer to these formulae 
except when it is necessary for my immediate purpose, which is to track 
down in the notebooks the proof of the modular equation of degree 3. 
Ramanujan also writes 

f{a,h) = l + (a + b)+ ah{a^ + h^) 4- a^b^(a^ + 6®) + . . . 

(the indices of powers of ab being the triangular numbers). Thus, in the 
orthodox notation^ b) == r). 


where 


V = log^, r = log ab; 

4:m ^ b 2m ® 


or again /(a, b) = p{z, q), 

where p{z, g) = S Q = 

Ramanujan gives Jacobi’s fundamental factorisation formula in the form 
/(a, b) = i7(a, ab) n{b, ab) i7( — ab, ab). 

Finally, he writes^ 

=/(g,g) = 1+22+22*+..., 

?^(g) =/(g.g®) = i+g+2®+g®+”-. 

/(-g) =/(-g. -g^) = i-g-g®+g®+---, 
x{q) = n{q,q^) = (1 + 2 ) (1 + 2 ®) (1 + g®) --- 
Thus 95(2) = -^3(0, r). 

Further, if, with Tannery and Molk, we define 2o» gii gs 


go = n(i -g®”), gi = n(i +g®”), : = n(i +g®™-^), ga = n(i -2®”-^), 

111 1 

then x{q) = ga. 


/(-g) = (i-g){i-g®)(i-g®)"- gogs. 


'I'ia) = 


(i-g®)(i-g*) (i-g®)-- 
(i- 2 )(i-g®)(i-g®).-. 


go 

0^3 


The last pair of formulae embody famous identities of Euler and Gauss. 
We have also ^(^ 2 ) ^ lq-^ 2 k^,r) 


(a formula which we shall want later). 


* Especially 16.17 (in. the numeration of the notebooks), which I shall refer to again 
in § 12.12. 

® That of Tannery and Molk. 


3 I replace his x by the customary q. 
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i2.3. In ihis notalioii nuuiy fiUKlamcntal formulae appear in odd 
(liHj'uiHCH. 'I’liiis t he “inviu-sion tlu^orciii ” (tliero is a r corresponding to a 
given k^) appi'ar.H an fnllow.s. Writing v. for Ic^, defining K and K' as definite 
inU'gnil.s nr hy()ergennietrie serif, sh, and putting 

(. "K-Ui 

theii the e<piation q H{r,) 

^44/ __ 

hiw thi^ Hoititioii c I — ^ 

•/>*(<!) 

Again tlu! l.heorein sn- a + cn^a = 1 


appetirs in the form: if ij v. v and 


/S'(tA ?/) 


then 
In fa<ii 


mnlf} 

Hinli ,1// Hiiili iJ// ’ 




(KO.y) 

lk^cp\yy 


coal (9 cos*|9 


H“ - 


coslf \y cosh'ly 


• + ..., 




kK KO . 

^sn^, a{0,y) 


kK KO 

cn — 

TT TT 


and K = i7nV'§(0,T) = lTr<fP(y). 

Thoro are proofa oT iheae formulae, by direct squaring of series, in Jacobi’s 
Fmidmmmta nova and b^nnopor’s Mlliplwche Ftmktionen. It is very unlikely 
that Rainaiiujau liad Boon either book, but this type of argument was 
familiar to him. 


The 7riodnJur equation of degree 3 

12,4. The modular equation of degree n is the relation between the 
moduli Jc and I which corresponds to the change of q into i.©. to 

(12.4.1) 

where JC, K\ L, U are the complete elliptic integrals with moduli h and 1. 

Ramanujan deduced Ms modular equations from relations between his 
functions /, that is to say from relations between T^'-functions. Thus 

his forms of the equation of degree 5 are derived from the identities 

and 7/r^{q) - qfr^{q^) = f{q, q^)f{q^, q^).^ 

The hirst of these, in the orthodox notation, is 

t) — i 9*|(0, 5r) = — 2r, 5r) — r, 5 t). 

Or into g«, when L'jL = nK'jK, See § 12.7. 

» 19.1Q(iv). 3 19.10 (v). 
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The identities are proved by '^elementary” arguments, the whole process 
being "algebraical”. 

I shall confine myself to the equation of order 3, and I shall begin by 
explaining two of the standard methods of proof. The fiarst rests on direct 
transformations of integrals, and is Jacobi’s version of Legendre’s original 
proof. The second, found much later by Schroter, is much more like 
Ramanu j an’s . 


12.5. Jacobi’s argument is expounded in many text-books. We try to 
satisfy the equation 

mdy _ dx 

X = Y = (1-2/2)(1-ZV). 

0<lc< 1, 0<Z< 1, 

by taking 

( 12 . 6 . 2 ) 2 / = ^, 


(12.5.1) 

where 


where U and F are coprime polynomials in a; of degree not exceeding 3, 
and y vanishes with x and is positive for positive x. It is plain (since y is 
an odd function of x) that 

U = x{oc -h fx^), F = y H- 
where a, /?, y, d are constants. 


Next 


m^= . (l-y^)(l-?V) Q 

dx \(l—x^)(l—k^x^)j 


for small x, so that m is positive; and y — 1 when x = since y would 
otherwise have a branch point for x 1, Further (12.5.1), and so (12.5,2), 
is unaltered when we substitute 1/kx and 1 jly for x and y^ so that the values 


y- 


r i 


correspond to 
Since 


dy 


X = 1, 

U'V-UV' 


1 1 -i 


rdx, 


we must have (F^ ^ fJ^) ( F^ - l^U^) T%1 - x^) (I - 7c^x% 

where T is a quartic; so that 

dy U'V-UV' 

^Y" 


T^X 


U^y^XJV' = 


~dxy 


T 
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I 4-a; \1 -^cx) ’ 


oi 


..Miln:,::: -f; - 

I ■)■ 1/ V ( 1 j:) V + IU = {I + kx) G\ 

V- u : = (I B\ V-IU = (1 -to)Z)2, 
wlit>r« A, It, (I, I) are linear. It lt)IIowH (Binco y is odd) that 

H- y ■■ 

_ 1 +c^x^) 

for Hotne r. 'riuH tHjuation rnuBt bo unchanged if we substitute 1/fe Uly 
xov X, y, when it boeoinoB ’ ‘ ^ 

kx. c.[c. + %) + Bx^ 

and thoreloro 

(12.5.3) = Z. = «/JL±2\» 

^<5 4- 1 \2c+ 1/ 

Wo ol)tain a relation between k and I by eliminating c. In fact 

(12.5.4) >fc'* = i_/fc2 = — /i_^\3 

2c “h 1 

and 80 




(12.6.6) + -JWV) = tA). + = 1 

2c 4- 1 2c 4- 1 

when aijpropriato values of the ra<iicalH are taken. This is Legendre’s form 
of the relation. It is easy to deduce Jacobi’s form 

(12.6.6) u*-v* + 2uv(l-uhj^) = 0, 

■where k = u* and I = v*. 

Cojxn)aring the values of x and y for small x, we see that 


(12.6.7) 


m 


1 

2c 4" 1 


12,6. The equations (12.6.3), (12.6.6), and (12.6.6) are in fact different 
forms of the modular equation of degree 3; but in order to see this, we 
must show that they correspond to (12.4.1), with n = 3, as well as to 
(12.6.1). 

It is easy to see^ that, if 0 < then the equation 

(12.6.1) k^ ^ ^±±1. 

2c 4" 1 

By means of “graphical” considerations and the equation 

/ 2c+l\« 
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in c lias just two real roots, one between 0 and 1 and one between —2 
and -1, and that these roots make l^>k^ and P<k^ respectively. If, in 
the equations (12.5.4), we put 


( 12 . 6 . 2 ) 

then 

(12.6.3) 


1-C _ 1-y 

2c+l""^’ 27+1 



ya = ys 


■y + 2 

27+1' 


It now follows from the analysis of § 12.5 that 


1 dx __ dy 

m ’ V {(1 - a :^) (1 - ” ^{(1 “ V )} ’ 


with 


m' = 


1 


Hence, integrating between 0 and 1, 


m' 




while (12.5.1) gives 

mL = K. 

Thus 

L' ,K' 

and it is only necessary 

to show that 


mm' = 

But 

1 

“ (2c+1)(27+1) 

and 

2r+i-2c+i’ 

by (12.6.2). 



12.7. The equation (12.5.5) is symmetrical in h and Z, and corresponds to 

L' K' 

(i.e. to the change of q into g”) as weh as to (12.4.1). We can see this more 
directly. If we put 

c'+2 , c + 2 

‘^““2c' + l’ ® 2c + l 


c'®(c' + 2) 

' 2c' + 1 ’ 


in (12.5.3), we obtain 


® \2c' + 1/ ’ 
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i.<>. (12. 5, a) with (■' for <• )ii«f k aii<J / iat(aTh!in'fC(l AI«r, /•' r i. ^ 

( I I r -/ i. ^ i 


aiui HO 
ai)i<i 


(» 1 2c)(I I 2r') -a, (1 I 2y)(H-2y') = - 3 , 

(I I 2r')(I I 2y') .= 3 

// 

L 


■x‘^' 

K 


8. TIh, mwond n».t ho,i of pn.of <h,p«n<ls on direct manipulation of 

thota-muwH. Hie (Hpiation (12.5.5) i.s wpiivaleiit to ^ 

( 1 2.H. 1 ) t) 3r) - r) O.jCO, 3 t) = IKfO, Zt) 

or t o 

( * --^-S) CJn^ == 2V/l/< I J)“ I SW 1 5)“^ 

where 2' imlicadi-.s Huiuination over all integers and IT' summation over aU 
inU^gora of oppoaito parit.y. If now we jait 

HO that m + = 

lid .(• Zrd ^ ^ j 1- '^(^“.2’) = (w - 

then the left-hand Hi<le of (12.8.2) bocomoa 


2 (•/« J»-)a}a(ar)3^ 


Next, if we put 
so that 


n--h< ==//.+ !, h) = 

'« = //,-+-)/+ 1 , v=2t>+l, 

and let //. and v run through all values of opposite parity, then it and v run 
through all odd values, and so 

«,t5 0(1(1 ’ 

where the dash has the same meaning as before. Finally, if 

X = p' = p, 

(/^'+ i)^+3(i/+ J)^ = 1)2 +3(1,, + 1)2^ 

and ij,' and v' run through all values of th^ same parity. Hence 

CO 

^g(/*+4)«+3(l/+i)» _ 2 2'5^(A+i)*+Sfr+i)"' 2 2'g”'“+3»“, 

■which is (12.8.2). ’ 
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12.9. This proof is much hke those given by Schroter of the equations 
for this and certain higher degrees. Schroter found the general identity 

(12.9.1) S'^{x,<xr)'&^{y,^T) 

a+y? — 1 

= S + 2/4- rar, (a + /?) r} — ay ^ rafir, afi{a 

r=l 

where as and are any positive integers. There is a fairly simple proof of 
■ this formula in Tannery and Molk, where it is applied to the cases = 3 
and = 5. Schroter also worked out the eases 11, 23 and 31; thus his 
form of the equation of degree 23 is 

(klf + + 2^{klkT)T^ = 1 , 

which also appears in the notebook.^ It would seem that Ramanujan must 
have known (12.9.1). He has a formula^ for 

/(a, b)f{c, d), 

i.e. for S'^{v,r)'d'Q(v',T'), as the sum of an infinite series, which was also 
found by Schroter, and in certain cases this series becomes finite. '‘These 
compact formulae”, says Watson, "were not given in the notebook, but 
in view of the numerous special cases which he does give, he must have 
been aware of their existence.” 

Ramanujan gave the known forms for 

3, 5, 7, 11, 23 

(with many variants in the simpler cases), and new forms for 

13, 17, 19, 31, 47, 71. 

Thus the equation of degree 13 appears as 3 



and that of degree 17 as^ 



Watson has now worked out proofs of all of these. He remarks that 
"although modular equations of degrees 13, 17 and 19 have been obtained 

16.36 (i),(ii). 

4 20.12 (iii),(iv). 


^ 20.15 (i). 

3 20.8 (iii), (iv). 
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Eliiplic and modular functions 

by ot hi*r iUit hor.s, th«‘y hav<^ tistially Ihh-u given in more complicated forms* 
ami in fact, wluni <lca!ing witlt !vainanujaa\s modular equations generally, 
it him alwayn BccmtNl to me that, knowkalge of other people's work is a 
ponit ivt* diHadvaniage in that it lendH to put one oil* the shortest track”. 

There are alno many mixed’’ ino<hdar equations or equations of com- 
|Kmlie dt^griH^. For exainpk% if the moduli a:, Z, A correspond to g, 
ami r<^H|>eeiiveiy, tlum* 

{kA)^ (A*'A')i - (a-Z)^ - {k'V)^ 

amF 

(AtA)*{(I i (I 

} ik/Ay{{l f pAO‘~(l-F)i(l-~A')i} = V2. 

I shall say lU) mor<*5 about- re.sultH of this kind. I prefer to disentangle 
from the noUdmok Ramanujan’s own proof of the equation of degree 3, 
whieli appears there as the climax of a very intricate chain of reasoning. 
It is of <iom’He c|uito likely tJiat ho |>ossossed a shorter proof on the lines 
of § 12.B, 


12.10. Ramanujan actually deduces (12.B.1) and (12.5.5) from two 
identities'^ involving sesrioB of the Lambert” type, viz. 


(12.10.1) 

(12.10.2) 




q qi r/’ 

l-f/' l-f/i” 1-f/* 





4. 5^* 

i+q^ T+q^ 


^5 


1-r 


....). 


the signs in each series recurring to modulus 0, From these it follows that 
(12.10.S) ^qf(<f)ir{<f) - 

and, since 

^(.< 1 ) == t), < p {- q ) = 5-4(0, t), = i9'-i52(0, t), 

(12.10.3) is equivalent to (12.8.1). It remains to trace the genesis of (12.10.1) 
and (12.10.2): this I have only been able to do with the help of Watson’s 
solutions. 

I call a relation between/, ^5, ^ “trivial” if it is a direct consequence of 
their expressions as products. Thus 


(12.10.4) 




is “trivial”. For if we write 


1 -g-« = (n), 1 + 3 ”= (n), 

' 20.11 (iii). " ’ 20.11 (vi). 3 19.3(i),(ii). 

This formula does not occur explicitly in the notebook. 



Elliptic and modular functions 


221 


then it is 

(I) (4) (7) jW)... (2) (5) (8) (IT) (2) (4) (6) ... (I)^ (3)^ (5)^ ... 

(1) (4) (7) (10) ... (2) (5) (8) (11) ... (6) (12) (18) ... (3)^ (9)^ (15)^ ... ‘ 

Such a formula may be verified by observing that 


and comparing factors. 
Similarly 


(12.10.5) 


/(-«% -9'“) 


is “trivial”. 


(n) = 


(2n) 

(n) 


<P{q^) ^(gi2) = q->p-(q^) 7]f(q^) 


12.11. The proofs of (12.10.1) and (12.10.2) may be traced back to earlier 
formulae, viz. 


( 12 . 11 . 1 ) 

and 

( 12 . 11 . 2 ) 


/(«. b) 

f(-a, -b) 


^^{ — ab) =1 + 2 


^ a + b 
+a6 


_1 ! L 


f\a,b)-P{-a, -b) = 4a/(|, j 


Let us assume these formulae provisionally. The series in brackets in 
(12.11.1) is 


oo 4- °° 

2 = S S ( — + 

TC=“ 1 1 "t 7i=lm.»0 


oo 

= S (- 

m=0 





+ 


Q;m5w+1 
1 — ' 


Hence (12.11.1) is equivalent to 




If we put a ~ q, b — and use (12.10.4), then (12.11,3) gives (12.10.2). 
It also follows from (12.11,3) that 


f /(^. -b) 

l/(“"«,^) 


f{-CL,b) 



_ a V / 

~ w5ol f ““ 


j ^2m£^2?n+2 


)• 


If we transform the left-hand side by (12.11.2) and the ‘HriviaF’ identity 


^ 16.33 (corollary). 
» 16.30 (vi). 



*>*J»*> 


FAUptic and Modular functions 


Wt' •nht.aill 


/(«. 




h) fH 


, h ) 
a, h) 






/(n, h)J\-a, 

Aufi ^ ~ <r'l\ 


„/( 

7i u\ PP) 




5 ( 

/<- o\ 


i t /ywt, 
j 2/^*2m 




)• 


Finaily, if wt 5 n^platu*! a suai h Ity q ainl ^/^ an<l uho ( 12 . 1 . 0 . 5 ), we obtain 

m a) 

wlu<‘h in (I2J<Ll). 

’‘FiiUH cvorythixig m mhutnl it> tho proof of (12.11,1) and (12.11.2). 


( qihti i i i \ 


12.12. ^riio iir.Ht. of t hi'sc^ fornnilao in (apuvalent to 

n“l'>n 1-1 V ,-0H'>nnv - • + 

'’Fannxa'y luul Molk prove fornmiacs of tiun typo by means of Cauchy’s 
ih<H)roni, Wo (tan (kuluce (12.1 1.1) from (12.12.1) by xmttmg 


:: (a6)4, 


ay 

b 


and iluvn making a '‘ trivinr’ tranBformation. Bamamijan’s x^roof is natur- 
ally very tiiObrent. Ho doduooH (12.12,1) from a remarkable formula^ 
with many parameterH, viz. 


(12.12.2) 

Hixy, //(* , a;ss) //( _ ajS, x^) //( - aflx^ x^) 

lliaxy, x^) , *2 j //( - a^c^ x^) / 7 ( - fix^, x^) 


l + \xy 


1 —a 


X 1 —/3 
^ y 1 — ax^ 


) 


4- 

+ 




( 1 — /ix^) ( 1 — /?£»*) 


xy ) 

yj {l-ixx^)il-<xx^)l 


\yyf 


( 1 — a) (05® — a) (o5* — a) 


(1 -/?a:®) (1 -/3sc^) (1 


+ 


...) 


4 -.... 


16 . 17 . 
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TMs formula seems to be new. It is however deduced from one which is 
familiar and probably goes back to Euler, viz. 

n(b,x) _ a + b (a + 6) {a-\-bx) ^ 

n(~a,x) 1 — (1 — a;) (1 

In the application of (12.12.2) to the proof of (12.11.1) 
xy = a, ^ = 6, <x = y? = — -1, 

12.13. Finally (12.11.2) is equivalent to 

r) T) == 2 ^ 2 ( 0 , 2r)^^(2v, 2r), 

which is derived by Tannery and Molk from the theory of Landen’s quadratic 
transformation. Eamanujan deduces it from 

fia,b)f{c,d)-f(-a, -b)f(-c, -d) = 2aJ^,^abcd}^f{^,^abcd}j,^ 
where ccb = cd. 

The direct proof of this formula is quite simple, if we write the left-hand 
side as 2 2 

m+n even, 

and put m + n — 2M, — 2N, 

when the summation is over all integral M, N, 

12.14. It is obvious that the argument of §§ 12,10—12.13, regarded simply 
as a proof of Legendre’s equation, is very long and complicated, and will 
not bear comparison with the economical proofs of §§ 12.5-12.8. The 
comparison, however, is not at all a fair one. The proof of § 12.8, for example, 
is an ad hoc proof, a short cut to a particular formula; and it seems almost 
certain that Ramanujan must have possessed short cuts of the same kind. 
He certainly used similar methods sometimes (as is shown by the argument 
which I quoted in § 12.13), and the proof of § 12.8 is one which, whether he 
knew it or not, he could certainly have constructed. The proof which I have 
pieced together in §§ 12.10—12.13 is one of an entirely different kind; it 
wanders over large parts of the theory of elliptic functions, and the modular 
equation appears only as one of the chmaxes of Ramanujan’s reconstruction 
of the theory. 

Singular moduli 

12.15. I shall say less about Ramanujan’s work in the closely connec^d 
theory of “singular moduli”. A good deal of this work is already in print 
and Watson, in his series of papers on singular moduli, has proved all 

* 16.2. There is a simple proof of this formula in the Papers^ no. 11, 57—58. 

® 16.29 (ii). ^ Papers, no. 6, 23—39. 
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Uaiuaniijim’H raHultH. and tlonn a grwii. deal to elucidate his probable 
iiud hud of i>ro<-<Hlun>. I hi‘iti!;in with a very short summary of the foundations 

{)f orihodox tIuuH'y* 

It. m faniiliii.r tliat. 


(12.15.1) piji li , ra.) err: ./^(p), 

wlwm p : -r 0}^, 

and It iHa rat.ional fuiud inn, whan/z-Lsan integer. Can this be true for other 
if HO, t hen 2 //yi>jj aro penodw of an<l 

when'o a, //, y, $ aro integers wit.h 

(12.15.2) //.pO, yrpo, 

We may Hup]>oH(»j 

(12.15.3) //>(.) 

(siiice othorwiso we (^an chatige the sign of a, /J, y, S and jti). Conversely, 
when thoHO c-ouditionH are HatiHfied, ^o(/m) is an elliptic function with periods 
<t)i, (thj., and HO a rationa l fumdion of and p'. Finally, since it is even, it is 
a ratioiial fumdion of p only. 

The Bituaiion in xiot aircctc<l if wo ro})laco (o^ and co^ by Aa>i and so 
that only tlie ratio , 

is relevant. In thcHO cir<nimBtan<50H we shall say that “there is complex 
multiplication by /i for r'\ For this, it is nccesBary and sufficient that 


(12.15.4) 
so that 

(12.15.5) 


= a 4- /?T, jLcr = y -p Sr, 


y-\-Sr 
a -P^r 


with integral oc, /?, y, S satisfying (12.16.2) and (12.15.3). Thus r is the root, 
with positive imaginary part, of 

(12.15.6) /?T2+(a-<J)r--y = 0. 

It is easily verified that any number A + Bju^, where A and B are integers, 
is a multiplier for r if is one. 


12.16. We write 

(12.16.1) p^(^y,a--S,^)>0 
and 

(12.16.2) 


~-y ^ ap, a — S^hp, ^ = cp. 
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Then 

(12.16.3) a + br-hCT^ = 0, 
where 

(12.16.4) a>0, oO, 6^ — 4ac = — 7i< 0, 
and 

(12.16.5) T = 

Further, we write 

(12.16.6) + a = 

Then Pi + l^P — 2a = 0 (mod 2), 

(12.16.7) « = i(pi + 6/9), = cp, y = -ap, 8 = \{Px-bp), 

and 

(12.16.8) ijb = oc + ^T = J(Pi + ^p V"^). 

Conversely, if there are integers a, b, c satisfying (12.16.4), and p, 
satisfying 

(12.16.9) p>0, p^ + bp^O (mod 2), 

a, y, S are then defined by (12.16.7), r by (12.16.5), and /4 = a+^r, then 
there is complex multiplication by p for r. 

Further, if 

(12.16.10) e = 0 (5 even), e = 1 (6 odd), 

(12.16.11) M = li-e + i^n), 

then M is also a multiplier for r. For it is easy to verify that 

(12.16.12) p = a-i(6-e)p+pM, 

(12.16.13) M = J(Z)-e) + cr, Mr = -a-i(6 + e)T. 

Since the last equations are of the form (12.15.4), Mis a multiplier (when 
p is one). 

On the other hand, if M is a multiplier for r, it follows from (12.16.12), 
and the last remark of § 12.15, that is a multiplier. 


12.17. If r satisfies (12.15.5), B, C, D are integers with AD — BC = 1, 

and 


so that 

(12.17.2) J{t') = J{T), 
then, t' satisfies an equation 

(12.17.3) a' + 6V4-c'T'2= 0 



Ell i pile and intHlular jhmctions 

uith t!ii* ManiiMirh^niiinuni as ho that// haw ilie same parity as 6 

mid Ihf uiut \r r<»i i’r.-,{M»o(linM to r' ar<‘ the naiiu^, hh e and M. It follows 
that tliere Lh innlt ipUra t it >ti Idr r' hy M, and, tlH‘rerorc by any which is a 
ninlt iplier for r, 'The valiu*s of r f<»r whieli there is multiplication, and the 
lairresponcliti^ nuilt iplim\s, ur4‘ determimai nui<piely by the values of J{t). 

12,18, If T and any ptiHiiivi*! integer m are given, the values of 



fur (lilfereut* a, //, y, S HatlHfying 

■ ■ m, 

are! the rootn of an iH|uation — 0, 

wluu’t^ J 

of degree m. If r HaiinlleH (12.15.5), th,en 
(12JHJ) 0. 

Himec! taieh J{r) eorn\sp(mding to a r for which there is eonijdcx multiplica- 
tion HatJHiieH an algidiraic e<|uation, c^all J{r) singular invariants, 

and tin*, <*or!<*sponding /^“(t) singular luochdi; ihe^ singular jnoduli also satisfy 
algebraic (‘(luatlons. llussc; (ujuatlons a.re all soluble by radicals (though 
this depemds on eonshlerations of group theory of vvhh^h Kaniamijan knew 
nothing). 

12,19. All this is cotniecied witli tlio theory of arithmetical forms. 

Sup 1)080 tiiat « ... , .> 

* * / = ax^ + bxij -f cip, 

whore = 1, 

is c(iuivalcnt to /' = -f ¥x'y' -p 

with x' = oax-\‘' fiy, y' = 7x + %, — 

so that 

(12.19.1) 

a s= a'a^ 4- 6'ay “h c'y^, b — 2a'a/^ + 6'(/^y +-a^) + 2c'y<^? o — a' + 

ia%b\c') - 1 , 

6^ — 4ac ~ 6'® — 4a'c' = — 

Then 6 and b' have the same parity and, if r and r' are roots of 

(12.19.2) a + 5T + cr^ = 0, a' + 6V' + — 0, 
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the M of § 12.16 has the same value for t and r'. Thus there is complex 
multiplication by M for both r and r'. Also r and t' satisfy 

(12.19.3) r' = (aS-fir = 1) 

and so 

(12.19.4) J{r') = J(r). 

Conversely, suppose that (12.19.4) is true, that there is complex multi- 
plication for r and r', and that r and r' satisfy equations (12.19.2), with 
(a, 6,c) = 1 and {a\b\c') = 1. Since (12.19.4) is true, there are integers 
7? ^ satisfying (12.19.3). Hence the equation 

a' {a 4 - ^r)^ 4- 6'(a + ^r) (y 4- St) 4- c'(y 4- Sr)^ = 0 

has the same roots as a4-6r4-CT^ = 0. 

From this it follows easily that a, 6, c satisfy (12.19.1), and that the forms 
/ and f' are equivalent. 

Thus (12,19.4) is a necessary and sufficient condition for equivalence, 
and the degree of (12.18.1) is the class number h{ — n) for determinant —n. 

It seems clear that Ramanujan knew nothing about the arithmetical 
side of the theory. 

12.20. The theory appears in the clearest light when stated in terms 
of J{t). For numerical work, other modular functions are more convenient, 
since the equations satisfied by J (r) tend to have large coefficients. 

It is usual to write 

CO / 4 

/(t) = n (1 + j , 

«> {4:W\ ^ 

/,(T) = 2igT\n{l+S^") = ^-^] • 

Then P=fl+n, //iA = V2. 

If n = 4ac — b^ = 8m4-3 ^ 0 (mod 3), 

then the simplest invariant is 

/{V(-«)} 

% = 8m— 1 ^ 0 (mod 3), 

2-ifyi-^n)} = = F. 


while if 
it is 



- III pa e mi d ;// odu I at fiinctio ns 

tiHCH tlu"! ijivU'i’iiiiiiH 

<K^ ^ ^ ^fisK n)\ 2 if (nodd), 

*Jn - ^0} (n won)* 

Tho mixmiknm i-nnurriln^r f undj; wit h J{r) arc 

J{T) . 172K./(r) :: 

{/■-’ - I<1)=‘ (/?*+ 1 (!)■•> _ (/i*+16)* 

/“* /'f W ’’ 

an<l /*•*, " /f*, — /il* aro the ihroa rootw of 

(:c- inyt — xjir) = 0. 

13.21, Hainnmijati ohtaiiica flio values of the Him])Iost of his 
tnoduli <linH!tIy from modular equatious. Ho gives the complete proof in 
one case only, viz. n == 5. Mere 

=-- Or. 

(from the transformalJou r' = - I /t). 

= 2 -V(t), V = 

then 


and 




fhis is bolji&fli 8 form of the tuodtilar <'(|uation of degree 6, which occurs 
also in the notebook.' If t = q = r->'/Vs^ then 

u — V = fJ'j, V = u. 




and 

Similarly, if wo uso the form’ 


1, 


)‘ 


Q-h — 4- 7 


2*( 


■where 


P = 2*(M'«')i, <2 =(;§;)*, 


of the modular equation of degree 7, we can show that 

G«7 = 21. 

Watson, in his paper 20, works out the values of all of Ramanujan’s new 
singular moduli which it seems likely that he could have found in this way. 

’ 19.13 (xiv). > 19.19 (ix). 
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12.22. There are also many cases in which Kamanujan gives the values 
of singular moduli which he can hardly have determined rigorously. 

Let us suppose, to fix our ideas, that 

n 8m— 1^0 (mod 3). 

If the number of genera of classes of forms with determinant — 72 , is iV, and 
the number of classes in each genus is r, so that the class number is ^ = Nr, 
then j(r) and satisfy equations of degree h, soluble by radicals. The 
solution of the equations depends on that of a number of subsidiary 
equations, the number and degree of these equations being specifiable in 
terms of N and r. Thus when n = "7,N=l,r=l, and = 1 is rational, 
and when n = 2B, N = l,r = 3, and F^^ is given by a single cubic 

F^-F-1 = 0. 

In Watson’s paper 13 he deals with cases in which = 1, in 25 also with 
cases in which N — 2 or W = 4. When N — 2, two equations are required. 
Thus if n = 55, N = 2, r = 2, h — 4, F satisfies the quartic 

F^--2F^-i-F-l = 0 
which reduces to {F — 

by the adjunction of ^J5. If 7^ = 455, N = 4, r = 5, h = 20; and F satisfies 
an equation of degree 20 which can be reduced to a quintic by the adjunction 
of ^J5 and ,^13. 

Hamanujan did not know any of this arithmetical theory, and, when he 
was dealing with large values of n, where no modular equation was available, 
must have been guided a good deal by guesswork and intuition, Watson, 
in his papers 8, 9, and 19, has made a very plausible reconstruction 
of the arguments which Ramanujan seems to have used. These all involve 
assumptions that certain numbers satisfy equations of appropriate degrees. 
In these assumptions, which always accord with the arithmeticgd theory, 
he seems to have been guided by a mixture of intuition and computation. 

Thus in 8 Watson reconstructs Ramanujan’s calculation of ^210 
value found also by Weber), and deduces one of the most striking of 
Ramanujan’s results, viz. that 

X: = (V2 - 1 )M2 - V3) (V'7 - V6)* (8-3 ^7) (^10 - 3) (4 - ^15)® 

X{V15-V14)(6-V36) 

when q = 

This result Ramanujan proved rigorously, granted the value of by a 
very curious algebraical lemma. 
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